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ABSTRACT. This paper addresses the problem of estimating the error distri-
bution in single-index regression models. We estimate the error distribution
function with a weighted nonparametric residual empirical distribution func-
tion. Our main result is a first order uniform stochastic expansion of the
estimator. This expansion makes it possible to derive asymptotically distribu-
tion free goodness-of-fit tests about the error distribution. Our approach is to
regard the single-index model as a nonparametric regression model, but with
estimated covariates (the estimated indices). However, the usual assumption
in classical nonparametric regression, that the covariate distribution is quasi-
uniform (bounded and bounded away from zero on its compact support), is
not reasonable here. We handle this by introducing weights which restrict the
estimation of the link function to intervals.

1. Introduction

We consider the single-index regression model in which the response variable
Y is linked to a p-dimensional covariate vector X via the formula

(1.1) Y = 0(6) X) +¢,

where p is a smooth function, 6y is a p-dimensional unit vector, and the error
variable ¢ is independent of the covariate X, has mean zero and a finite variance.
In order to guarantee identifiability, we require that the matrix E[X X '] is positive
definite and that 6y belongs to O, the set of all p-dimensional unit vectors whose
first coordinate is positive, see e.g., Cui, Hirdle and Zhu (2011). Furthermore, we
assume that ¢ has a density f and that 7 X has a density gy for each @ in ©.
The single-index regression model was introduced to overcome the curse of
dimensionality. Numerous applications and theoretical results can be found in
Stoker (1986), Li (1991), Ichimura (1993), Xia and Li (1999), Xia, Tong and Li
(2002), Xia, Tong, Li and Zhu (2002), Xia and Hardle (2006), Xia (2008), and
references therein. The primary focus of these and related papers has been the
estimation of the parameter 6y and of the link function p. Stute and Zhu (2005)
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provide asymptotically distribution free maximin tests for fitting a single-index
model to the regression function against a large class of local alternatives.

Here we are interested in the estimation of the error distribution function F
based on independent copies (X1,Y7),...,(X,,Y,) of (X,Y). Our goal is to derive
a first order uniform stochastic expansion for a suitably weighted residual empir-
ical distribution function. Such a uniform expansion has been obtained in linear,
partially linear and nonparametric regression models by Koul (1969, 1970, 2002),
Akritas and Van Keilegom (2001), Miiller, Schick and Wefelmeyer (2007, 2009a),
and Neumeyer and Van Keilegom (2010). In the context of time series, expansions
of this type have been obtained in Boldin (1982, 1990, 1998), Koul (1991, 2002),
Miiller, Schick and Wefelmeyer (2009b), and Neumeyer and Selk (2013). The ex-
isting literature does not cover the case of interest here.

If we denote the single-index 6] X by S, then we can write the regression model
as a nonparametric regression model

Y = 0(S) +e.

A common assumption for estimating o in such nonparametric regression models
is that the single covariate S has a density that is bounded and bounded away
from zero on its compact support. We call distributions of this type quasi-uniform.
Thus, if 8y were known and if .S were quasi-uniform, we could estimate o by classical
nonparametric curve estimators, and the results of Miiller, Schick and Wefelmeyer
(“MSW?” 2007) would yield the desired expansion of the corresponding residual em-
pirical process. However, the assumption that S is quasi-uniform is not reasonable
in our case as the following two examples demonstrate.

ExXAMPLE 1. Suppose that X is uniformly distributed on the unit disk D =
{x € R? : ||z|| < 1}. In this case " X has density

9o() = gls) = 2V/T— 52 1]} < 1

for all § in ©, and this density is not bounded away from zero on [—1,1].

EXAMPLE 2. Suppose that X is uniformly distributed on the unit square [0, 1] x
[0,1]. Let 6 = (a,b)" with 0 < a < 1/v/2 and b = v/1 — a?. Then the density of
07 X is given by
_ 1
~ab

This density is piecewise linear, and its support depends on a.

go(s) [1[0§s§b]min(s,a)+1[b<s<a+b](a+bfs)]

Let § be an estimator of 0y and set
Sj:éTXj and szl[SjEf], j=1,...,n,
where 1 is the random interval [ZA , 4] whose endpoints are functions of the estimated
indices S1,...,.5, and the estimator 0, say

(1.2) I =¢ni(S1,...,8,,0) and @ = ¢pu(S1,...,5,0).

Choices of such random intervals are discussed in Remark 1.1 below. .
We estimate the link function ¢ by a local quadratic smoother ¢ treating S;
as the regressor. Our estimator F,, of the distribution function F' is based on the
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residuals Y; — @(S’j) for which Sj =1, ie.,
- 1 - .
(1.3) F,(t) = m;mm ~8(8) <t], teR,

with N, = Y7, 4,

REMARK 1.1. Let us briefly comment on choices of I. The goal is to have

, bounded away from zero on I with high probability. If gy were known, we
could choose intervals I(6) on which gs is bounded away from zero, and then take
I=1 (é) If g¢ is known up to parameters, say gy is a normal density with mean
67y and variance 6T £ for some unknown vector p and some unknown dispersion
matrix ¥, then we could take I= [0 — ¢6,0 + 6], where ¥ is the sample mean
and & the sample standard deviation of the estimated indices 5‘1, ey S,,. Another
choice for I is [Gay s Gas] for 0 < a7 < ag < 1, where §, denotes the a-th sample
quantile of the estimated indices. Using only values Sj that are densely distributed
in an interval I around the mean or median, e.g., between the upper and lower five
percent quantiles, seems to be a natural choice: it ensures that the local smoother
0 has enough ‘observations’ available to estimate the link function reasonably well.

The remainder of the paper is organized as follows. In Section 2 we describe our
main result, a first order uniform stochastic expansion of Fn, and discuss in detail
the assumptions used. An application of the main result is described in Section 3 by
constructing asymptotically distribution free tests for fitting an error distribution
in model (1.1). Some properties of local quadratic smoothers are given in Section 4.
In Section 5 we generalize results from MSW (2007) for nonparametric regression
with quasi-uniform covariates to the case when quasi-uniformity cannot be assumed.
Sections 4 and 5 play a major role in the proof of our main result given in Section
6. Our approach is to regard the single-index model as a nonparametric regression
model with estimated covariates Sj. The randomness caused by the estimated
parameters 6 is handled using discretization and contiguity arguments, which are
standard techniques in the construction of efficient estimators in semiparametric
models.

2. Main Result

We begin by describing the local quadratlc smoother. The value Q( ) of this
estimator at s € R equals the first component ﬂo of the minimizer (ﬁo, ﬁl, 52) of

@;(E_Bo_ﬁlsjbn _ﬁ2(55;8> ) K(Sjbzs>’

where K is a symmetric density with compact support [—1, 1] and b,, is a bandwidth,
i.e., b, is a sequence of positive numbers that converges to zero.

We prove our main result, a uniform stochastic expansion of Fn, under the
following conditions. Let I = [a,b] be a compact interval of R.

(R1) The regression function p is twice continuously differentiable and satisfies
Ello(67X) — o8 X) — (6 —60) X' (60" X)I*] = o(||6 — 6ol),
as ||0 — 0g]| — 0.
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(R2) The p x p matrix
M = E[(¢'()*(X — BIX|S])(X — E[X|S])"]

has rank p — 1.

(T) The estimator 6 satisfies n'/2(f — 6y) = O,(1) and is discretized.

(I) There are interior points ly < ug of I and functions ¢,; and ¢, , such
that for all ,, in © with n'/2(6,, — 6y) bounded we have

¢n,l(513 ) S’m Hn) = én,l(en) + Op(n71/4) = lO + Op(l)a

Gra(S1, -3 Sny0n) = Gpa(On) + 0p(n 4 = ug + 0,(1),
with ¢,,; and ¢, asin (1.2) and S; = QJX]-.
(G1) The density gg, is bounded and also bounded away from zero on I.
(G2) The map 6 — /gy is differentiable at 6y in Lo, i.e., there is a measurable
function gg, from R into 65 = {v € RP : v 6y = 0} such that ||ge,] is
square-integrable and

[ (Vaols) = Van(5) = (0= 0) g, ()" = o([6 ~ bul’)

holds as ||§ — || — 0.
(F1) The error variable has a finite third moment.
(F2) The error density f has finite Fisher information for location.

We shall now discuss these assumption. The first part of (R1) is used to derive
appropriate properties of the local quadratic smoother of 9. The bias of this esti-
mator is of order o(b?) which needs to be of order o(n='/?). The choice b,, ~ n~/4
used in Theorem 2.1 is the largest bandwidth satisfying this requirement. Larger
bandwidth are allowed under additional smoothness assumptions on . For ex-
ample, if the second derivative of ¢ is Hoélder with exponent «, then we can take
larger b,, subject to the constraint b2+ = o(n~=1/2). In particular, for a > 1/2,
the familiar choice b, ~ n~2/5 works. Instead of a local quadratic smoother, we
could have worked with a local linear smoother. The bias of this estimator is of
order O(b2). This would require a smaller bandwidth such as b,, ~ (nlogn)~/4
to guarantee that the bias is of order o(n=1/2). A local linear smoother with this
choice of bandwidth was used in MSW (2007).

The matrix M in condition (R2) cannot have full rank p as

0y M8y = E[(¢'(S))(0g (X — E[X]S))*] = E[(¢'(5))(S — E[S]5])*] = 0.

Condition (R2) guarantees that v" Mv > 0 for every unit vector v orthogonal to
0. This is needed to guarantee the existence of a root-n consistent estimator of 6y,
as required in condition (T).

The set 05 appearing in (G2) is the tangent space of © at 6. The requirement
in (G2) that gg, takes values in 93‘ ensures that the derivative gy, is uniquely
determined (up to almost everywhere equivalence). Without this assumption, the
differentiability requirement would also hold with ¢g, replaced by gg, + hfo for each
square-integrable h. This follows from the fact that (6 —6,) "6y equals —||0 —6o|%/2
for all # in ©. On the other hand, it suffices to verify the differentiability condition
for some gy, that is not 6y -valued, because it then holds with g, replaced by
(I, — 6004 )de,, where I, is the p x p identity matrix, and this replacement is 6 -
valued in view of 6] (I, — 6¢07 ) = 0.
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By the same token, we can replace in (R1) the derivative X o/(6] X) by the
0y -valued derivative (I, — 66 )X o' (fg X). This and (F2) show that the score
function for 6 is given by

(=)0 (S)(Ip — 608y ) X,

with ¢ = —f’/f, the score function for location. The tangent space 7 for the
nuisance parameter (o, F, G), with G the distribution of X, consists of the function

(e)a(S) + c(e) + b(X)

with E[a?(S)] finite, E[b(X)] = 0 and E[b?(X)] finite, E[c(¢)] = Elec(¢)] = 0 and
E|c?(¢)] finite. The projection of the score function onto 77 is given by

() (S)(Ip — boby ) B[X|S].

Thus the efficient score for estimating 6y is

()0 (S)(Ip — 6oy )(X — E[X|S])
and the efficient information matrix is
Ju = E[(*(e)](I, — 000y )M (I, — 608 ) = E[(*()] M.

While the information matrix is not invertible, the map ¢ from 6y to 6" defined
by it, i.e. ¢(v) = Juv, v € 0o, is invertible. Finally, the efficient influence function
for estimation F'(t) is given by

1le <t] = F(t) + f(t)e.

This can be deduced from the results in Miiller and Schick (2016) and the form of
the present tangent space.

For the construction of root-n consistent estimators of 6y we refer to Carroll,
Fan, Gijbels and Wand (1997), Wang, Xue, Zhu, and Chong (2010), and Xia and
Hardle (2006), who develop n'/2-consistent estimators of the underlying Euclidean
parameters in a class of partially linear single-index models. Cui, Hérdle and Zhu
(2011) use a method of estimating functions to develop estimators of 6y that satisfy
condition (T) for a large class of single-index model. Their estimator of  is found
to have smaller or equal limiting variance than that of Carroll et al. (1997). See
also the correction note by Li et al. (2011) pertaining to the reference Wang et
al. (2010). The method of Hall and Yao (2005) provides yet another approach to
obtain a root-n consistent estimator.

Condition (T) also requires that the root-n consistent estimator of 6y is dis-
cretized. Such an estimator can be obtained by discretizing any preliminary root-n
consistent estimator 6 on grids with mesh width n='/2, e.g., by replacing it by
the closest point on the grid, so the change is at most n~!/2 and consistency is
preserved. This trick simplifies the proofs since we can replace 0,, by a nonrandom
sequence 0,, = 0y + O(n~1/?), see, e.g., Le Cam (1985) or van der Vaart (1998).

We use condition (G2) to establish that the distributions of (6] X1,...,0, X,,)
and (04 X1,...,04 X,,) are mutually contiguous whenever 6,, = 6y +O(n~'/2). This
implies that (I) holds with each S; = ] X; replaced by 6, X;. This and (T) then
allow us to conclude that [ is a consistent estimator of lp, more precisely, we have

[ = ¢ni(0) + 0p(n~ %) = Iy + 0,(1).



6 HIRA L. KOUL, URSULA U. MULLER AND ANTON SCHICK

An analogous statement holds for @. Similar arguments yield

N, 1<
(2.1) = E;aj = P(lp < 0] X < ug) +0p(1).

Let ¢, denote the a-th sample quantile constructed from the estimated indices
5’1, ceey S,,. Recall that the sample quantile based on independent observations from
a density is a root-n consistent estimator of the quantile whenever the density is
positive and continuous at this quantile. Thus condition (I) is met by

I= [lvﬂ] = [éalvdaz]a
with 0 < ag < az < 1, if gy, is continuous and positive on an open interval
containing the a; and as-quantiles of gg,. In particular, condition (I) holds for any
such oy and ay if gg, is continuous and the set {gg, > 0} is an interval.

The moment assumption (F1) is used to derive properties of the local quadratic
smoothers. The assumption (F2) together with (R1) is used to obtain contiguity.
It also guarantees that the density f is Holder with exponent 1/2; which meets
one of the requirements in MSW (2007), namely, the density f to be Holder with
exponent greater than 1/3.

We now state our main result, the uniform stochastic expansion of the estimator
F,, introduced in (1.3). This expansion is similar to the expansions obtained in
MSW (2007, 2009a) in semiparametric and nonparametric regression models. The
difference is the presence of weights w(f] X;), where

w(s) - 1[[0 SSSU()]
B P(loS@JXSUO)’

s eR.

THEOREM 2.1. Suppose the model (1.1) and the conditions (R1), (R2), (T),
(1), (G1), (G2), (F1) and (F2) hold. In addition, assume that the kernel K has
a Holder continuous second derivative, and the bandwidth b, satisfies b, ~ n~1/4,
Then we have the uniform stochastic expansion

(2.2) sup
teR

Fo(t) = F(t) = Wa ()| = op(n™"/?)

with
1 & -
Wa(t) = — > w(ly X;)[1e; <t - F(t) + f(t)e;)], teR.
j=1
REMARK 2.1. The above result shows that the influence function of the esti-
mator F,(t) is
¢ (Y, X) = w(by X)[1[e <] = F(t) + f(t)e],

which is the efficient influence function for estimating F(t) multiplied by w(6] X).
The asymptotic variance of our estimator thus equals the efficient variance multi-
plied by E[w?(6] X)]. This factor equals 1/py with

poZP(l()SeJXS’U,o).

Thus our estimator is nearly efficient if py is close to one.
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3. An application

We shall now discuss an application of (2.2) for deriving an asymptotically
distribution free (ADF) test for fitting a known error distribution in the model
(1.1). For this we introduce the process

Zn(t) = %i [1[e; <t]—F(t) + f(t)e;], teR.

Note that nCov(Z,(s),Z,(t)) = C(s,t) and nCov(W,(s), W, (t)) = (1/po)C(s,t)
with
C(s,t) = Cov(lle < 8]+ f(s)e,1le < t]+ f(t)e), s,te€R.

Recall, say from Koul (2002), that n'/27,, converges weakly to a continuous Gauss-
ian process Z with mean zero and covariance function C'. Thus Theorem 2.1 implies

n'2(F, — F) =p py'/*Z,

where —p denotes weak convergence in the Skorokhod space D[—o00, o] and uni-
form metric. By (2.1), p, = N,,/n is a consistent estimator of py and we conclude

(3.1) NY2(F, — F) —=p Z.

An analog of Theorem 2.1 is obtained in MSW (2009a) for the ordinary non-
parametric residual empirical process F, in a class of nonparametric regression
models. They established, under some conditions on the regression function and
F', the expansion

(3-2) !/ sup | Fy () — F(t) = Za(t)] = 0,(1).
teR

Let Fy be a known distribution function having zero mean, a finite third mo-
ment and finite Fisher information for location. Consider the problem of testing
Hy : FF = Fy versus the alternative that Hy is not true. In the context of non-
parametric regression models, Khmaladze and Koul (2009) (KK) used the expan-
sion (3.2) to show that under Hy a certain transform of F, converges weakly in
D[—00, 00| and uniform metric to B o Fy, where B is standard Brownian motion on
[0,00). The results (2.2) and (3.1) used with F' = Fj enable one to conclude that
the analog of this transform will also converge weakly, under Hy, to B o Fy. For
the sake of completeness we describe this transform here.

Let fo be density of Fy and f{) be its a.e. derivative. Define

) = (L= fi@/ o) s )= [ (P ara),

Lpy(2) = /:O h(z)hT (z)dFy(x) = (1 }Ozzggx) (J;g((i)))  reR

Let
t [}
Ko (t) = / BT ()5, / h(z)dB,(2) dFy(s), t€R.
The transformed process is

Un(t) =n'2(Fa(t) — Ka(t)), teR.
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See the discussion in KK for the existence of this transform. Arguing as in KK,
one can show with the help of (2.2) and (3.1) that under appropriate conditions

A1 2
/ U, —p Bo Fy. As a consequence, under Hy,

D, = sup |3/ 20U, (D)] = sup INYA(Eu(t) = Ku(1)] = sup B(s).
teR 0<s<1
and the test based on D,, is ADF for testing Hy in the single-index model (1.1).
Perhaps it is worth pointing out that this test differs from its analog used for fitting
an error distribution in the one sample location model only in that the scale factor
n'/? is replaced by N}L/ % and the ordinary residual empirical distribution function
of the one sample location model is replaced by F,.

4. Properties of Local Quadratic Smoothers

In this section we describe some large sample properties of a local quadratic
smoother of the regression function r on a closed interval I = [a, b] with a < b for
the nonparametric regression model

Y =r(Z)+c¢,

where ¢ and Z are independent random variables, € has mean zero and a finite third
moment, Z has a bounded density g, and r is twice continuously differentiable. Let
(Y1, 21),...,(Y,, Z,) denote independent copies of the pair (Y, Z) from the above
regression model.

The local quadratic smoother 7 associated with a kernel K and a bandwidth
¢y, is defined as follows. The value #(z) of this estimator at z is given by the first

component of the minimizer 3(z) = (Bo(2), B1(2), B2(2)) T

9= 2 (0= (B (),

We assume throughout that K is a symmetric density with support [—1,1] and
make additional assumption as needed.

In what follows we use the following notation. For a k& x m matrix A, we let
|A|| denote its Euclidean norm

1Al = ZZA

=1 j=1

1/2

For a function M from the interval I to the set of k X m matrices we set
[ M][. = sup || M (z)].
xel
If this function is differentiable with derivative M’, then we set

M'(z) — M'(y
v = M+ A+ s LM AT
zyel,x<y |£B - y|

[

, 0<y<1

These norms apply to vectors (m = 1) and scalars (k =m = 1).
Set ¢(z) = (1,7,2%)T for z € R. Then the above criterion function becomes

1= L3 (- (B (B).

j:]- n
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Routine calculations show that the minimizer 3(z) of L(f) solves the normal equa-
tions

W(2)B(2) = A(2) + B(2),

where

W(z)znlcni¢<zjc;Z)wT(ch;Z)K(ch;z)
A(Z):nlcnjz:ajw(ZjC;Z)K(ZjC;Z),

n

Blz) = — Zr(zj)w(ZjC; Z)K(Zj . Z)

ney, Cn

Since K has support [—1,1] and 7" is uniformly continuous on compact sets, a
Taylor expansion yields

1B = Wre, |l = sup |B(2) = W (2)iic, (2)| = olcp)
z€E
with 7., (2) = (r'(2), car’(2), 27" (2)/2) T. Direct calculations show that

W(z) = EW(2)] = / B(u)d T (u) K (w)g (= + eyts) du.

In order to prove Theorem 4.1 below, which lists some important properties of the
smoother, we need the following two lemmas. The first lemma is an immediate
consequence of the definition of W and the fact that the matrix

/ ()T (u) K (u) du
A

is positive definite for any subinterval A of [—1,1] of positive length. Recall that g
is bounded.

LEMMA 4.1. Suppose g is also bounded away from zero on I. Then there is an
a, 0 < a < 1, such that the eigenvalues of W (z) fall into the interval [o,1/a] for
all z in I and all ¢, satisfying ¢, < 1/2, where | is the length of the interval I.

The next lemma is a consequence of Corollary 4.2 in MSW (2007) with their §
equal to zero. Note that Z has a bounded density as required there. We also use
the fact that € has finite third moment.

LEMMA 4.2. Suppose w is an integrable and Hélder continuous function and
logn/(ncy,) is bounded. Then the rate

sup 1zn;w(zjc; Z) - E[w(ZjC; Z)]‘ = Op((IZi:)l/Q)

zel | NCp, =

holds. Moreover, if E|e|® < oo and logn/(c,n'/?) is bounded, then the rate

e (%) | -0 () )
j=1 " n

z€l ' NCp

holds.
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In view of Lemma 4.2, from now on we assume that logn/(c,n'/?) is bounded.
It then follows from Lemma 4.1 that
IW[l. =0(1) and W™, =0(1).

Furthermore, Lemma 4.2 applied to the entries of the matrices implies that

=l = 0, ((222) )

ney,

||A||* _ Op(<10gn)1/2)’

ney,

and

provided K is Holder. It follows that the matrices W(z), z € I, are invertible on
the event {||W — W||. < a}, whose probability converges to one. On this event we
have

W, =0(1), W .=o0(1),
and ,
s _ logn\1/2
1 1 _
o (),

Moreover, on this event we have the identity

B(2) = e, (2) = W(2) T A(2)
= (W(2) ' =W(2) HAR) + W) H(B(2) = W(2)ie,(2), z€l.
Using the above properties we obtain the following result. Recall that we assumed

that g is bounded, that ¢ has a finite third moment and that K is a symmetric
density with support [—1,1].

PROPOSITION 4.1. Suppose g is also bounded away from zero on I and the
kernel K is also Hélder. Then the uniform stochastic expansion

) +on(el)

R - A logn
R . 1 —
18 e, = WAl = 0, (=%

holds.

Thus, under the assumptions of the proposition and ¢, ~ n~1/4

expansion

, we have the

Szléll) |7(2) —r(z) — [1,0,0]V_V(z)_114(z)| = op(n_l/Q).

Next, we investigate the magnitude of the process
Clz) =WH2)A(2), zel.

PROPOSITION 4.2. Suppose g is bounded away from zero on I and K has a
Holder continuous second derivative. Then the map z — C(z) is twice differentiable
and the following rates hold.

logn) 1/2)
Necy, ’

leaC’]l. = 0, ( (12279,

n

e, - o, (22)").

11 = 0y ((
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PRrOOF. Note that
A . - log n\ 1/2
1T < I AL = 0, ((522) 7).

By the properties of the kernel K, the function z — C’(z) is twice continuously
differentiable with the first derivative given by

C'(2) =W ) A (2) = W)W (2)W L (2)A(2)

and the second derivative given by
C"(2) = W 2)A"(2) — 2W L (2)W/ (2)W L (2)A' (2)
+2W )W ()W L)W ()W (2)A(z) = W)W (2)W1(2) A(z).

We write the matrix [¢, A'(2), 2 A" (2)] as
1 « i —z
LA
ney, ]Z:;E] Cn

with U = [(K)’, (K)"]. By the assumption on K, the entries of ¥ are integrable
and Holder. Thus we obtain from Lemma 4.2 that

lend'l -+ 16347). = 0y ((£)).

ney,

Rewrite the matrix [c,W'(2), 2W"(2)] as

/g(u + ) [V (z), V' (2)] da

with V' = Kun)T. From this we conclude that ||c,W'[l. + [|ZW"|. = O(1).
Combining the above we obtain

llewCllx < 1IW =l len A"l + IW e W [ AlL

and
lenC” e < MWLl A" [l + 20W 12 len W | llen A«
+2 W e WAl + W e WA«
This immediately yields the desired rates. ]

We use Proposition 4.2 to obtain rates on the Holder norms ||C|[1., 0 < v < 1.
Since we can bound ||C’(s) — C'(t)|||s — |~ by [|C”||+ct™7 for 0 < |s —t| < ¢, and
by 2||C’||«c,,Y for |t — s| > ¢,, we have the following result.

PROPOSITION 4.3. Suppose the assumptions of Proposition 4.2 hold and 0 <

v < 1. Then the rate
A logn \1/2
ICll1y = Op«W) )
holds. In particular, for ¢, ~n='/* and v < 1/2, one has

||O||1v = 0p(1).

The next result summarizes properties of the local quadratic smoother 7 if the
bandwidth is proportional to n~1/4.
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THEOREM 4.1. Suppose g is bounded away from zero on I, K has a Hoélder
continuous second derivative and the bandwidth satwﬁes Cn ~ n~Y% Then the
following hold with ¢ = [1,0,0]C the first coordinate of C.

(4.1) EEVQ)*T@)*é@NZOAHA”%

& (2)g(z)dz = n=3/4
(42) | #Grae) = = 0yn=51,
and, for 0 <~y < 1/2,

|¢'(t) — &(s)]

(4.3) sup |¢(z)| +sup |[¢'(z)] +  sup = op(1).

zel zel s,tel s<t |t - 5|7
Moreover, for any square-integrable functions v,vi,ve,... satisfying

@) = w2 dz = o),
I
we have the expansion
, RS _

(4.4) /c(z)vn(z)g(z) dz = - Zejl[Zj € Iv(Z;) + 0, (n~1/?).

I ,

j=1

ProOOF. Claim (4.1) is a consequence of Proposition 4.1 and (4.3) of Proposi-
tion 4.3. Statement (4.2) follows from the bounds ||[W 1|, = O(1) and

nenBIIAR)) < BB 2K (T2)] <38) [ g+ con) K2(w) du

cn
and the boundedness of g. Here we used |[¢K|? < 3K2.
In order to prove (4.4) we set

O (2) = 1[z € T, (2)9(2)[1,0,00W 1 (2),

and
Va(z) = /ﬁn(z —cpu)p(u)K(u)du and V(z)=1[z € I|v(2).
Then rewrite the left-hand side of (4.4) as

% S e /ﬁn(z)i/)(zjc; Z)K(ZjC; Z) dz = % > eValZ))
j=1 j=1

Let ¥ = [¢(u)y " (u)K(u)du. Since the density g is bounded, it is square-
integrable. This and the translation continuity in Ly yield the convergence

] [ o+ cnwpin™ @k ) du - giepe = 0.

Since ¢ is bounded away from zero on I, we conclude from this that the map
z + 1[z € IJW~1(2) converges to the map z + 1[z € I](g(z)¥)~! in Lebesgue
measure. An application of Lebesgue’s dominated convergence theorem now yields
that v,, converges in Ly to v, where

¥(2) = 1]z € Iv(2)[1,0,0] 9!
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Using this, the identity 9(z) [¢(u)K(u)du = 9(2)¥[1,0,0]" = 1[z € I|v(z) =
V(z), and the translation continuity in Lo, we derive

A, = /(Vn(z) — V(z))2 dz
= /| O (2 — cpu)p(u) K (u) du — 1[z € I|v(2)|? dz
<2 [ [oule) - 5:) P dz [ o) K ()P du
+ 2/ | /(ﬁ(z —cpu) — 0(2)¢(u) K (u) dul* dz = o(1).
From the above we conclude that n times the second moment of the difference
[ g s - ijisjv(zj) = ijzn;&:j(vn(zj) —V(2)

equals E[e?|E[(V,,(Z) — V(Z))?], which is bounded by a constant times A,,. This
implies the desired (4.4). O

REMARK 4.1. Let v be an estimator of some square-integrable function wg.
Suppose there is a sequence of square-integrable functions v,, such that

/(f)(z) —vp(2))2dz = o(n™ %) and /(vn(z) —vo(2))?dz = o(1).

I I
Then under the assumption of the previous theorem the expansion

N IRS -
/Ic(z)v(z)g(z) dz = - Zsjl[Zj € Iw(Z;) + op(n 1/2)
j=1
holds. This follows from (4.2), (4.4), the inequality

| [ a6 g d] < [ @i [66) - e @

and the fact that g is bounded.

‘ 2

5. Estimating the error distribution in nonparametric regression

In this section we modify results from MSW (2007) to the case when the re-
gressor is not quasi-uniform. We begin by extending their Theorems 2.1 and 2.2.

Let ¢ be a random variable with distribution function F, and let Z be a k-
dimensional random vector with distribution @, independent of €. Let D be a
non-negative function in Ls(Q), and 2 be a set of measurable functions a such
that |a] < D and 0 € 2. Let ¥ be a class of measurable functions from R¥ into
[0,1]. We now give conditions on the classes & and ¥ that imply that the class

H ={hgpt:a € D,veV teR}
is F' ® @Q-Donsker, where
howvi(e,Z2) =v(2)1le —a(Z) <t], a€ P,ve ¥, teR.

For this we endow 2 with the L (Q)-pseudo-norm. By an n-bracket for (2, L1(Q))
we mean a set [a,a] = [a € Z : a < a < a} where a and @ belong to L;(Q) and
satisfy [|a —@|dQ < n. Recall that the bracketing number Nij(n, 2,L1(Q)) is
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the smallest integer m for which there are m n-brackets [a,,@1],. .., [@y,, @m] Which
cover ¥ in the sense that the union of the brackets contains 2.

PRrROPOSITION 5.1. Suppose that ¥ is Q-Donsker. Assume that F' has a finite
second moment and a bounded density and that the bracketing numbers satisfy

1

(5.1) / V108 Ny (72, 7, L1(Q) diy < 0.
0

Then € is F' ® Q-Donsker.

PROOF. Let ¢ be the projection map from R x R* into R¥ so that ¢(e, Z) = Z.
Since ¥ is Q-Donsker, the class ¥ = {vog:v e ¥} is F® Q-Donsker. Let
J4 = {haa1t:a € P,t € R} with he14(e,Z) = 1[e — a(Z) < t]. Tt follows from
Theorem 2.1 of MSW (2007) that the class /4 is F ® Q is Donsker. Since ¥ and
4 are uniformly bounded (by 1) F' ® @-Donsker classes, their pairwise product
VA = {th:ve€ ”/7, h € 74} forms a F ® Q-Donsker class by Example 2.10.8 in
van der Vaart and Wellner (1996). This is the desired result as ¢ equals V.. O

Now consider a regression model
Y=r(Z)+c¢
and independent copies (Y}, Z;) of (Y, Z). For an estimator # of r define the resid-
uals é; =Y; — #(Z;). Define the processes

_1 1 ¢
— E 1[¢; <t W(t,v):E Elv(Zj)l[ejgt], teRve?.
Jj=1 Jj=

3

PROPOSITION 5.2. Let 2 and ¥ be as in Proposition 5.1. Let ¥ have envelope
1; for some compact convex set I with nonempty interior. Let F' have a finite second
moment and a density f that is Holder with exponent & € (0,1]. Additionally,
assume that there is an a such that

(5.2) Plac 2)—1

(5.3) / 17]a)' € dQ = o,(n™1/?),

(5.4) sup [#(2) — r(z) — a(z)| = op(n~'/?).
z€eIl

Then the uniform expansion

sup ‘W(t,v) —W(t,v) — f(t)/dde’ = 0,(n"1/?)
teR,ve¥
holds.
ProoOF. Without loss of generality we may assume d is Z-valued; otherwise
replace a by alla € 9]. Let

Z a(Z;) <t] and Wa(t,v):/F(t+a(z))v(z)dQ(z).

Then we can write

W(t,v) — W(t,v) - f(t)/&de =Ti(t,v) + Ta(t,v) + T5(t, v),
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where

W(t,v) — W(t,v),
W (t,v) — Walt,v) — W(t,v) + Wo(t,v),

T1 (t, U)
T2 (t, U)

Ty(t,v) = Walt, v) — Wo(t,0) — F(2) /ade.

Since f is Holder, say with constant A, we obtain that

|Ts(t, v)| < /1IIF(t+d(2)) — F(t) = f(t)a(2)]| dQ(z)

<A / 1,(2)|a]"+€ dQ = o,(n1/2).

To deal with T7 and T5, we introduce the empirical process

va(a, v, 1) = % oz 1le; - alzy) < 1) - Wa(t,0)}

1 n
=7 > (hawi(e), Z;) = Elhawi(e, 2)]), a€ P,0e ¥, tER,
j=1

associated with the Donsker class 7. Then we have the identity
nl/QTg(t,v) =vp(a,v,t) — v, (0,v,1)
and the bound

[ 2Ty (t,0)| < n2(W(t + Ry, v) — W(t — Ry, v))
< |n(a,t + Rp,v) — vp(a,t — Ry, v)|
+n'2(Wa(t + Ry, v) — Fa(t — Ry, v)),

where R,, denotes the left-hand side of (5.4). Since f is Holder, f is bounded and
F is Lipschitz with Lipschitz constant || f|oc. Thus we obtain

(5.5)  nY2(Wa(t+ Ry,v) — Walt — Rn,v)) < 2| flleon™ Ry = 0,(1).
Moreover, for s,t € R and a,b € 2, we have the bound
Bl(hav,s(e,Z) = howi(e, 2))?] < B*(Z2)|F (s + a(Z)) = F(t + b(Z))]]
< [ fllss (s = t| + Ella(Z) = b(2)]]).-

In view of this and the stochastic equi-continuity of the empirical process, for every
1 > 0 there is a § > 0 such that, with P* denoting outer measure,

sup P* sup V(@ 0,8) = (0,0, > 1) <,
n teR,acP,ve Y, [ |a| dQ<S

sup P*( sup |vn(a, v, 8) — vp(a,v,t)| > n) <.
n a€EDwEY s, tER,|s—t|<d

The first of these statements and (5.3) imply

sup |Ta(t,v)| = op(n~1/2),
teR,vEYV
while the second, (5.4) and (5.5) imply

sup |T1(t,v)| = 0,(n~/?).
teER eV
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This completes the proof. (Il
Now fix a vy in ¥ and let © denote an estimator of vy. Suppose this estimator

satisfies

(5.6) Ploev)—1

and
(5.7) /(73(2)) —9(2))? dQ(2) = 0p(1).

It follows that

n

(5.8) 0= — > iz = /vo dQ + o,(1).
j=1

Moreover, under the assumptions of Proposition 5.2, the uniform expansion
sup |V

W(t, o) — W(t, o) — f(t)/dﬁdQ‘ = 0,(n"V/?)
teR

holds. We write W (t,0) = 0.F (t) + U(t, ), where

1 n
Ult,v) =~ o(Z)(g; < 1] = F(1)).
j=1
Note that the functions (y, z) — v(2)(1[fe < t] — F(¢)) with v € ¥ and ¢ € R form
an F' ® @Q-Donsker class. Thus we find

sup |[W(t,0) — 0. F(t) — U(t,vo)‘ — op(nfl/?),
teR

Combining the above yields the uniform expansion
sup |1 (£, 8) — 0, F(£) — Wo(t, vo) — £(2) /av 4Q| = 0,(n72)
teR

This finding is summarized in the following theorem.

PROPOSITION 5.3. Suppose the assumptions of Proposition 5.2 are met and 0
is an estimator which satisfies (5.6) and (5.7) for some vy € ¥ with vy = [ vodQ
positive. Then the uniform expansion

sup [W(¢,6)/. = F(t) ~ Ut.un) /oo - £(2) [ 040/,
teR
holds with 0. as in (5.8).

= Op(n_l/z)

Now assume that Z has dimension 1 with a density g that is bounded and
bounded away on the interval I = [a,b] with —oco < a < b < co. We take Z to be
the set of all functions h that vanish off I and satisfy

/ [7'(s) = h(t)]
[P ll1,1/4 sup |h(2)] + Sup |h'(2)] + I B v <1
Here we have to understand h’ as the derivative of the restriction of h to I so that
1 (a) is the right-hand derivative of h at @ and h’'(b) is the left-hand derivative at b.
It follows from Theorem 2.7.1 in van der Vaart and Wellner (1996) that the entropy
condition (5.1) holds as log N{(n?, Z,L1(Q)) is bounded by C(b — a)(1/n)%/?, for
some positive constant C. It follows from the results in the previous section that
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a local quadratic smoother with bandwidth ¢, ~ n~'/4 and appropriate kernel K
satisfies the conditions (5.2) to (5.4) with @ = ¢ and £ > 1/3. Let ¥ be the set of
indicator functions of intervals [I, u] with a <1 < u < b. This is clearly a Donsker
class. Now take

0= 1[[,@]’ U =10, 4, and  vo = 1,y

with [y < ug interior points of I. Note that

[ @) = L) ds < s = 1] e = .
We have the following result for the regression problem with a one-dimensional Z.

THEOREM 5.1. Suppose Z has a bounded density that is bounded away from zero
on the interval I = [a,b], € has mean zero, a finite third moment and a density f
that is Holder with exponent greater than 1/3, the kernel K has a Hélder continuous
second derivative, the bandwidth satisfies ¢, ~ n~Y*. the lower endpoints of the
above intervals satisfy [ =1, + op(n’1/4) and l, — lg and the upper endpoints
satisfy @ = up, + 0,(n"Y/4) and u,, — ug. Then the estimator

Z m [”Ej <t =F(t) + f(t)?fj} ’ = 0,(n"/?%).

6. Proof of Theorem 2.1

A key technical tool for proving Theorem 2.1 will be the use of two contiguity
results. For the sake of self-containment, we shall briefly review the notion of
contiguity of Le Cam (1960) and give the needed contiguity results that will be
used in the proof; see also Le Cam (1986) and Hajek and Sidék (1967).

Let (4, %, {Pn,Qn}) be a sequence of binary experiments. Then Q,, is con-
tiguous to P, if for every sequence A, A, € 4, P,(A,) — 0 implies Q,(A,) — 0.
We say P, and @, are mutually contiguous if @, is contiguous to P, and P, is
contiguous to Q.

We now state a sufficient condition for contiguity of product measures. For
this we assume that (2, &7, u) is a measure space and {I'g : § € O} is a family of
probability measures dominated by p. Denote by 7y a density of 'y with respect
to p1. Suppose there is a measurable function g, from 2 into 6™ such that ||4g, ||
belongs to La(u) and

(6.1) / (v8"” = 5l% — (6 — 0) "H0,)% du = (]| — o))

holds. Then the product measures I'y - and I'j - are mutually contiguous whenever

n'/2(6,, — 0y) is bounded. See, e.g., van der Vaart (1998).
We shall use this result first with

Yo(z.y) = y10(z,y) = fly— p(@T2), z€RPyeR,
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and p = G ® A where G is the distribution of X and A is the Lebesgue measure. It
follows from (R1), (R2) and (F2) that (6.1) holds with

_ =Sy —p8 @)
2f1/2(y — p(6o " )
Then we shall apply the result with

'3/90 (SL‘, y) p/(eoT.’L')(Ip - 9093—)1:

Yo(w,y) = Y2.0(7,y) = f(y)ge(z), z€R,yeR,

and p = A®@ \. Tt follows from (G2) that (6.1) holds with g, (x,y) = f1/2(y)gs, (z).
By the properties of 6 specified in (T), it suffices to prove the result with
0 replaced by non-stochastic sequences ,, such that n'/2(6,, — 6y) is bounded.
This is a standard argument used in the construction of efficient estimators in
semiparametric models, see, e.g., Schick (1986) and references therein.
Now fix such a sequence 6,, and set

Spj=0)X;, 6,;=1[S,,; €1(0,)] and &,,;=Y; — 0(Sn; )

for j =1,...,n. Let ¢ denote the local linear smoother associated with minimizing

1 - Sn,j — S S"J —5\2\2 Sn,j — S
rLbn;(Y]_ﬁo_Bl bn _62( b ))K< b )
Moreover, we introduce
F(t) _ Z;‘L:1 1[Zn < Snj = ﬂn]l[Y] B é(snj) < t]

j=1

)

with [, = Gni(Sn1y -y Snn, ) and Uy = ¢ u(Sn1,-- -5 Snon, 0n) and set

Zw(sw») [1fen; <t]— F(t)) — f(Deny], tER.

j=1

W(t) =

We achieve our goal by verifying the uniform stochastic expansions

(6.2) sup F(t) —F(t) — Wn(t) = op(n_l/Q)
teR

and

(6.3) sup (Wi (£) = W, (8)] = 0p(n /).

To stress dependence on the parameter 6y we now write Py for the underlying
probability measure when 6y = ¢ and write P, ¢ for the joint distribution of the
data X1,Y7,...,X,,.,Y, under Py, for each 6 € ©. It follows from the above that
the sequences of distributions P, g, and P, g, are mutually contiguous. Thus it
suffices to prove (6.2) under the measure Py, . Under the measure Py, , we have

Y; =0(Sn;) +en;, j=1,...,n,
and derive that that the left-hand side of (6.2) is a function of the random vectors
(en1,Sn1) sy (Enny Snn)T. Under P, these variables are independent with
common density v2 ¢, . By another contiguity argument is thus suffices to prove (6.2)
under the assumption that the random vectors (£,.1,51.1) .-, (Enns Snn) ' are
independent with density v2,9,. The desired (6.2) then follows from Theorem 5.1.

Note that the distribution of the process defined by the first average in (6.3)
under the measure Py equals the distribution of the process defined by the second
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average in (6.3) under Py,. Thus, by contiguity, the difference of these two processes
is tight under Py,. It suffices to prove (6.3) without the supremum, but for all ¢ in
R. Fix such a t. We are left to verify

1 — 1 — _
(6.4) n Zhon (X;,Y;) — n Zhﬁo(Xj»Yj) = op(n 1/2)
j=1 j=1

with
ho(X.Y) = w(BTX){1Y — p(07X) < 1]~ F(t) + F()(Y — (07 X)).

Using the translation continuity in Lo, we verify

J[ [t iyates) = hay w0y (o) dGydy 0

as 0 — 6y. With £ = —f'/f the score function for location, we verify

Dy, = — / / oo (1) 0y — 080" 2)) (B0 ) (T, — 606 )220, (2, ) AG (x)dy
= B[ <f] — F(t) + f(1)e)0(e)] E[w(6] X)o (07 X)(I, — 0067 )X] =0,

because the first expectation in the product equals —f(t) — 0+ f(¢) = 0. Since the
densities v o are Hellinger differentiable at 6y with Hellinger derivative

koo (2,y) = £y — (60" 2))0' (B0 @) (I, — 605 ),
as shown above, the claim (6.4) follows from Theorem 2.3 in Schick (2001), which
extends to the present parameter set ©. His result is stated for open subsets of RP.
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