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1 Introduction

We consider the homoscedastic regression model in which the response variable
Y is linked to a covariate X by the formula

Y =BX +e. (1)

For reasons of clarity we focus on the case where X is one-dimensional and 8 an
unknown real number. We will assume throughout that ¢ and X are indepen-
dent, and that X has a finite positive variance. Our goal is to make inferences
about the slope 3, treating the density f of the error € and the distribution of
the covariate X as nuisance parameters. We shall do so by using an empirical
likelihood approach based on independent copies (X1,Y1),. .., (X,,Y,) of the
base observation (X,Y).

Model (1) is the usual linear regression model with a non-zero intercept,
even though it is written without an explicit intercept parameter. Since we do
not assume that the error variable is centered, the mean El[e] plays the role
of the intercept parameter. Working with this model and notation simplifies
the explanation of the method and the presentation of the proofs. The gener-
alization to the multivariate case is straightforward; see Remark 1 in Section
2.

The linear regression model is one of the most useful statistical models,
and many simple estimators for the slope are available, such as the ordinary
least squares estimator (OLSE) which takes on the form

Z?:1(Xj B X)YJ
Z?:1(Xj - X')z

rather than 37| X;Y;/ 377 | X7, because we do not assume that the errors
are centered. However, these estimators are usually inefficient. The construc-
tion of efficient (least dispersed) estimators is in fact quite involved. The reason
for this is the assumed independence between covariates and errors, which is
a structural assumption that has to be taken into account by the estimator to
obtain efficiency. Efficient estimators for 8 in model (1) were first introduced
by Bickel (1982), who used sample splitting to estimate the efficient influence
function. To establish efficiency we must assume that f has finite Fisher in-
formation for location. This means that f is absolutely continuous and the
integral J; = ff?e(y)f(y) dy is finite, where ¢y = —f’/f denotes the score
function for location. It follows from Bickel (1982) that an efficient estimator
B of j is characterized by the stochastic expansion

(2)

p=p+ i; = E}f]v):rf(%%) +op(n™'?). (3)

Further efficient estimators of the slope which require estimating the influ-
ence function were proposed by Schick (1987) and Jin (1992). Koul and Susarla
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(1983) studied the case when f is also symmetric about zero. See also Schick
(1993) and Forrester et al. (2003), who achieved efficiency without sample
splitting and instead used a conditioning argument. Efficient estimation in the
corresponding (heteroscedastic) model without the independence assumption
(defined by E(¢|X) = 0) is much easier: Miiller and Van Keilegom (2012), for
example, proposed weighted versions of the OLSE to efficiently estimate § in
the model with fully observed data and in a model with missing responses.
See also Schick (2013), who proposed an efficient estimator using maximum
empirical likelihood with infinitely many constraints.

Like Miiller and Van Keilegom (2012), we are interested in the common
case that responses are missing at random (MAR). This means that we observe
copies of the triplet (J, X,dY"), where § is an indicator variable with § = 1 if
Y is observed, and where the probability m that Y is observed depends only
on the covariate,

P(6=1|X,Y) = P(§ = 1|X) = n(X),

with E[r(X)] = E[d] > 0; we refer to the monographs by Little and Rubin
(2002) and Tsiatis (2006) for further reading. Note that the “MAR model” we
have just described covers the “full model” (in which all data are completely
observed) as a special case with 7(X) = 1. To estimate 5 in the MAR model
we propose a complete case analysis, i.e., only the N = Z?Zl d; observations
(X, Y), ..., (Xiy,Yiy) with observed responses will be considered.

Complete case analysis is the simplest approach to dealing with missing
data, and is frequently disregarded as naive and wasteful. In our application,
however, the contrary is true: Miiller and Schick (2017) showed that general
functionals of the conditional distribution of Y given X can be estimated
efficiently (in the sense of Héjek and Le Cam) by a complete case analysis.
Since the slope 3 is covered as a special case, this means that an estimator
of B that is efficient in the full model is also efficient in the MAR model
if we simply omit the incomplete cases. This property is called “efficiency
transfer”. To construct efficient maximum empirical likelihood estimators for
B, it therefore suffices to consider the model with completely observed data.
We write BC for the complete case version of 6 from (3). It follows from the
transfer principle for asymptotically linear statistics by Koul et al. (2012) that
BC satisfies

Z 1Ky = EXI0 = Db (0G = BX5) | vy g

Jy Var(X1[6 =1)

and is therefore consistent for 8. That BC is also efficient follows from Miiller
and Schick (2017, Section 5.1). The efficiency property can alternatively be
deduced from arguments in Miiller (2009), who gave the efficient influence
function for  in the MAR model, but with the additional assumption that
the errors have mean zero; see Lemma 5.1 in that paper.
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In this paper we use an empirical likelihood approach with an increasing
number of estimated constraints to derive various inferential procedures about
the slope. Our approach is similar to Schick (2013), but our model requires
different constraints. We obtain a suitable Wilks’ theorem (see Theorem 1)
to derive confidence sets for 8 and tests about a specific value of £, and a
point estimator of 8 via maximum empirical likelihood, i.e., by maximizing
the empirical likelihood. This estimator is shown to be semiparametrically
efficient.

Empirical likelihood was introduced by Owen (1988, 2001) for a fized num-
ber of known linear constraints to construct confidence intervals in a non-
parametric setting. More recently, his results have been generalized to a fixed
number of estimated constraints by Hjort et al. (2009), who further studied
the case of an increasing number of known constraints; see also Chen et al.
(2009). Peng and Schick (2013) generalized the approach to the case of an
increasing number of estimated constraints. The idea of maximum empirical
likelihood goes back to Qin and Lawless (1994), who treated the case with a
fixed number of known constraints. Peng and Schick (2017) generalized their
result to the case with estimated constraints. Schick (2013) and Peng and
Schick (2016) treated examples with an increasing number of estimated con-
straints and showed efficiency of the maximum empirical likelihood estimators.

The empirical likelihood is similar to the one considered for the symmetric
location model in Peng and Schick (2016). We shall derive results that are
analogous to those in that paper. In Section 3 we provide the asymptotic chi-
square distribution of the empirical log-likelihood for both the full model and
the MAR model. This facilitates the construction of confidence intervals and
tests about the slope 8. In Section 4 we propose a new method for estimating
B efficiently, namely a guided maximum empirical likelihood estimator, as
suggested by Peng and Schick (2017) for the general model with estimated
constraints. Efficiency of this estimator is entailed by a uniform expansion
for the local empirical likelihood (see Theorem 2), which follows from a local
asymptotic normality condition. Section 5 contains a simulation study. The
proofs are in Section 6.

2 Empirical likelihood approach

The construction of the empirical likelihood is crucial since we need to in-
corporate the independence between the covariates and the errors to obtain
efficiency. Let us explain it for the full model. The corresponding approach for
the missing data model is then straightforward: in that case we will proceed
in the same way, now with the analysis based on the N complete cases, and
with the random sample size N treated like n.
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Our empirical likelihood %, (b), which we want to maximize with respect
to b € R, is of the form

() = sup { [[nms i 7€ P D2 m3(X; = X)ua(Fo(Y; — bX;)) = 0}
j=1

=1

Here &2, is the probability simplex in dimension n, defined by

ﬂn:{wz(ﬂ17...,wn)T € [0@]":%7@-21},
j=1

J

X is the sample mean of the covariates X1,..., X, F is the empirical distri-
bution function constructed from ‘residuals’ Y1 — bX1,...,Y, — bX,, i.e.,
1 n
Fy(t) = — 1[Y; —bX; <t], teR,
n

1

which serves as a surrogate for the unknown error distribution F'. The function
v, maps from [0, 1] into R™ and will be described in (6) below. The constraint
> (X — X)vn(Fyp(Y; —bX;)) = 0 in the definition of %, (b) is therefore
a vector of r, one-dimensional constraints, where the integer r, tends to in-
finity slowly as the sample size n increases. These constraints emerge from the
independence assumption as follows. Independence of X and ¢ is equivalent to
Elc(X)a(e)] = 0 for all square-integrable centered functions ¢ and a under the
distributions of X and e, respectively. This leads to the empirical likelihood
in Peng and Schick (2013). We do not work with these constraints. Instead we
use constraints in the subspace

{(X = E[X])a(e) s a € Lao(F)} ()

with Lo o(F) = {a € Ly(F) : [adF = 0}, which suffices since it contains
the efficient influence function; see (3). By our assumptions, F' is continu-
ous and F'(¢) is uniformly distributed on the interval [0,1], i.e., F(e) ~ %.
An orthonormal basis of Ly o(F) is ¢1 0 F, @9 0 F, ..., where ¢ denotes an
orthonormal basis of L o(%). This suggests the constraints

S mi{X; - E(X)Yor{F(Y; —bX;)} =0, k=1,...,m,
j=1

which, however, cannot be used since neither F' nor the the mean of X are
known. So we replace them by empirical estimators. In this article we will
work with the trigonometric basis

or(z) =V2cos(krz), 0<z<1,k=1,2,...,

and take
Un:(ﬁola---a%"n)T- (6)
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This yields our empirical likelihood %, (b) from above.

Let us briefly discuss the complete case approach that we propose for the
MAR model. In the following a subscript “c” will, as before when we introduced
ch indicate that a complete case statistic is used. For example, Fy . is the
complete case version of Fy, i.e.,

n N
1 Z 1 Z
j=1 j=1

The complete case empirical likelihood is

N N
Fono8) = sup { [] Ny m € 25,37 (X, = Xe)un (Fio¥;, —bXy,)) =0},

Jj=1 Jj=1

with &y and v,, defined above. Note that we perform a complete case analysis,
so the above formula must involve X, = N1 2?21 07X, which is a consistent
estimator of the conditional expectation E[X|§ = 1], as given in (4); see also
Section 3 in Miiller and Schick (2017) for the general case. Moments of the
covariate distribution are replaced by moments of the conditional covariate
distribution given § = 1, when switching from the full model to the complete
case analysis.

Remark 1 If the covariate X is a p-dimensional vector we have
}/j:ﬂTXj—i-Ej, j:l,...,n,

and construct Fj, using the ‘residuals’ Y; — " X;. Now we need to interpret
(5) with X being p-dimensional. The empirical likelihood %, (b) is then

sup{ H nmj T E gzn,ZWj(Xj — X)@v,(Fp(Y; =" X)) = 0},

j=1 j=1

where ® denotes the Kronecker product. Since the Kronecker product of two
vectors with dimensions p and ¢ is a vector of dimension pq, there are pr,
random constraints in the above empirical likelihood. Working with this like-
lihood is notationally more cumbersome, but the proofs are essentially the
same. The complete case empirical likelihood %, .(b) changes analogously. It
equals

sup{ [[N:me 20> mi(Xs, — Xo) @ un(Fo (Vi — bX,)) = 0}.
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3 A Wilks’ theorem

Wilks’ original theorem states that the classical log-likelihood ratio test statis-
tic is asymptotically chi-square distributed. Our first result is a version of that
theorem for the empirical log-likelihood. It is given in Theorem 1 below and
proved in the first subsection of Section 6. As in the previous section we write
Pn(b) for the empirical likelihood and %, (b) for the complete case empirical
likelihood. Further let x-(d) denote the y-quantile of the chi-square distribu-
tion with d degrees of freedom.

Theorem 1 Consider the full model and suppose that X also has a finite
fourth moment and that the number of basis functions r, satisfies r, — 00
and r} = o(n) as n — oo. Then we have

P(—2log Zn(8) < xu(rn)) > u, 0<u<l.

The conclusion of this theorem is equivalent to (—2log %, (8) — 7.)/\/Tn
being asymptotically standard normal. This implies that the complete case
version (—2log Zn..(8) — rn)//TN is also asymptotically standard normal.
This is a consequence of the transfer principle for complete case statistics;
see Remark 2.4 in the article by Koul et al. (2012). More precisely, these
authors showed that if the limiting distribution of a statistic is £(Q), then the
limiting distribution of its complete case version is £(Q), where Q is the joint
distribution of (X,Y"), belonging to some model, and Q is the distribution of
(X,Y) given 6 = 1. One only needs to assume that Q belongs to the same
model as @, i.e., it satisfies the same assumptions. Here we assume that the
responses are missing at random, i.e., § and Y are conditionally independent
given X. Therefore we only need to require that the conditional covariate
distribution given § = 1 and the unconditional covariate distribution belong
to the same model. Here the limiting distribution is not affected as it does not
depend on Q.

Although the result for the MAR model is more general than the result
for the full model (which is covered as a special case), we can now, thanks to
the transfer principle, formulate it as a corollary, i.e., we only need to take the
modified assumptions for the conditional covariate distribution into account,
and prove Theorem 1 for the full model.

Corollary 1 Consider the MAR model and suppose that the distribution of X
given § = 1 has a finite fourth moment and a positive variance. Let the number
of basis functions vy satisfy 1/rny = op(1) and ry = op(N) as n — oo. Then
we have

P(—2logZnc(B) < xu(rn)) = u, 0<u<l

Note that the conditions on the number of basis functions 7, and ry in
the full model and the MAR model are equivalent since n and N increase
proportionally,

N 1
— Z5i — E[§] almost surely,
i=1

n n
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with E[§] > 0 by assumption.

The distribution of X given § = 1 has density 7/E[§] with respect to
the distribution of X. Thus the variance of the former distribution is positive
unless X is constant almost surely on the event {7 (X) > 0}.

Remark 2 The above result shows that
{beR: —2log Zn(b) < x1-al(rn)}
is a 1 — « confidence region for 8 and that

1[—21log Zn.c(Bo) = X1-a(rn)]

is a test of asymptotic size « for testing the null hypothesis Hy : 8 = (.
Note that both the confidence region and the test about the slope also apply
to the special case of a full model with N = n and %, in place of %, .. The
asymptotic confidence interval for the slope, for example, is

{beR: —-2logZn(b) < X1-a(Tn)}-

4 Efficient estimation

Our next result gives a strengthened version of the uniform local asymptotic
normality (ULAN) condition for the local empirical likelihood ratio
R (B +n"12t)
Zn(t)=log| ———+—=|, teR
© ( %(5)

in the full model. The usual ULAN condition is established for fixed compact
intervals for the local parameter ¢. Here we allow the intervals to grow with
the sample size.

Theorem 2 Suppose X has a finite fourth moment, f has finite Fisher in-
formation for location, and 1, satisfies (logn)/r, = O(1) and r2 logn = o(n).
Then for every sequence C, satisfying Cy, > 1 and C? = O(logn), the uniform
expansion
“ |- L0 (t) — tI, + Jy Var(X)t? /2]
150 (L Tt

op(1) (7)
holds with

r,= % ;(Xj — E[X;))lp(X; — BX;),

which is asymptotically normal with mean zero and variance Jy Var(X).
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The proof of Theorem 2 is quite elaborate and carried out in Section 6.
Expansion (7) is critical to obtain the asymptotic distribution of the maximum
empirical likelihood estimator. We shall follow Peng and Schick (2017) and
work with a guided maximum empirical likelihood estimator (GMELE). This
requires a preliminary n'/2-consistent estimator 8, of 8. One possibility is the
OLSE, see (2), which requires the additional assumption that the error has a
finite second moment. Another possibility which avoids this assumption is the
solution Bn to the equation

n

1 _
S = X (; - bX) =0,
j=1
where 1) is a bounded function with a positive and bounded first derivative 1)’
and a bounded second derivative as, for example, the arctangent. Then
5 L (X ) ((ey) — El(e) _1/2
D D o) ATE

and n'/ Q(Bn — [) is asymptotically normal with mean zero and variance

Var(y(¢))
(E[y(e)])* Var(X)

The GMELE associated with a n'/2-consistent preliminary estimator B, is
defined by X

Bn = argmax %n(b), (8)
nl/le_BnISCn

where C,, is proportional to (logn)'/2. By the results in Peng and Schick (2017)
the expansion (7) implies

n2(B, — B) = Iy /(J; Var(X)) + op(n="/2).

Thus, under the assumptions of Theorem 2, the GMELE §, satisfies (3) and
is therefore efficient. The complete case estimator

Bnc = argmax  Hn.(b)
N1/2|b—B, .|<Cn

is then efficient in the MAR model, provided the conditional distribution of
X given § = 1 has a finite fourth moment and a positive variance. Let us
summarize our finding in the following theorem.

Theorem 3 Suppose that the error density f has finite Fisher information
for location and that 1, satisfies (logn)/r, = O(1) and r2 logn = o(n).

(a) Assume that the covariate X has a finite fourth moment and a positive
variance. Then the GMELE (3, satisfies expansion (3) and is therefore
efficient in the full model.
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(b) Consider the MAR model and assume that given 6 = 1 the covariate X
has a finite conditional fourth moment and a positive conditional variance.
Then the complete case version Bmc of the GMELE satisfies expansion (4)
and is efficient in the MAR model.

The choice of r, (and ry) is addressed in Remark 4 in Section 5.

Remark 3 A referee suggested the following. “An alternative (but asymptoti-
cally equivalent) procedure to compute the maximum empirical likelihood es-
timator can be based on the set of the generalized set of estimating equations
g;(b) = (X; — X)vn(Fp(Y; — bX;)) (with r, > 1) and the following program,
ie.,

n

BEE: arg min lz (%Z (B.)9;(B,) )1129]

n1/2b—f, <, ™ S5

where 3,, is a preliminary estimator defined as

n

_ ' 1 1 n
Ba= wmmin LY 0)WEY g0
j=1

n1/2‘b_ﬂ~nlgcn n j=1

for any positive semi-definite matrix W (and similarly for the complete case
analysis). This estimator is computationally simpler than the maximum em-
pirical likelihood estimator, especially if the dimension of ( is larger than
one.”

An even simpler estimator which avoids the preliminary step is the esti-
mator 3, with W = (#2I,, )™, where I, is the 7, x 7, identity matrix and
#2=1 ZJ 1(X; — X)?2. This estimator reduces to

. 1 <« 2 1 « 2
B3 = argmin H— g(b)H /72 = argmin H— g(b)H .

nl/2|b—fF,|<Cp n1/2b—f,|<Cp

Using arguments from the proof of Theorem 2, both estimators, BEE and Bf ,
can be shown to be efficient. In simulations the GMELE outperformed the
alternative estimators 3ZF and 32; see Table 1 in Section 5.

5 Simulations

Here we report the results of a small simulation study carried out to investigate
the finite sample behavior of the GMELE (8) and the test from Remark 2. The
simulations were carried out with the help of the R package. The R function
optimize was used to locate the maximizers.
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5.1 Comparing GMELE with the competing estimators from Remark 3

For this study we used the full model with 8 = 1 and sample size n = 100.
We worked with two error distributions and two covariate distributions. As er-
ror distributions we picked the mixture normal distribution 0.25.4(—10,1) +
0.5.47(0,1) 4+ 0.25.4°(10,1) and the skew normal distribution with location
parameter zero, scale parameter 1 and skewness parameter 4. As covariate
distributions we chose the standard normal distribution and the uniform dis-
tribution on (—1,3). Table 1 reports simulated mean squared errors of the
estimators, Bf, /S’EE and the GMELE, based on 2000 repetitions, and for the
choices 7, = 1,...,10. We used the OLSE as preliminary estimator for the
GMELE and BS , to specify the location of the search interval. As preliminary
estimator for BEF we used 5. We chose 2¢,/log(n)/n as the length of the
interval, with ¢, = 1 for skew normal errors and ¢, = 10 for the mixture
normal errors. As can be seen from Table 1, the GMELE clearly outperforms
the two competing approaches.

Table 1 Comparing the GMELE B, (M) with 85 (S) and BZE (EE) from Remark 3

n 1 2 3 4 5 6 7 8 9 10
mixture normal error, normal covariate
S 625 3.79 153 494 345 .333 314 315 .295 314
EE 625 4.09 222 855 .629 .712 742 749 .801 .820
M 123 0.16 0.33 .373 .148 .144 132 .131 .163 .158
mixture normal error, uniform covariate
S 454 457 126 .339 221 .212  .199 .197 .208 .217
EE 454 4.83 190 .629 .393 .380 .395 466 .535 .621
M .094 0.11 0.19 .212 .067 .071 .089 .086 .077 .076
skew normal error, normal covariate
S .028 .020 .015 .013 .012 .012 .012 .012 .012 .012
EE .028 .020 .015 .013 .012 .012 .012 .012 .012 .013
M .009 .009 .007 .008 .008 .008 .008 .008 .009 .009
skew normal error, uniform covariate
S .027 .019 .013 .011 .009 .009 .009 .008 .009 .009
EE .027 .019 .014 .011 .009 .009 .009 .009 .009 .009
M .008 .006 .005 .005 .005 .005 .005 .005 .005 .006

The table entries are the simulated MSE’s for the three estimators in the full model
for sample size n = 100 based on 2000 repetitions.

5.2 Performance with missing data

Here we report on the performance of the GMELE and the OLSE with missing
data. We again used the model Y = X + ¢ with § =1 and chose

7(X) = P(6 = 1|X) = 1/(1 + d exp(X))
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with d = 0, 0.1 and 0.5 to produce different missingness rates. Note that d =0
corresponds to the full model.

Table 2 Simulated MSE’s for OLSE and GMELE with missing data

n MR OLSE 1 2 3 4 5 6 7 8 9 10
mixture normal error, normal covariate

70 0% 745 246 416 .631 .815 402 .395 .341 .382 .345 .396
12% 969 3565 .83 877 1.07 .588 .599 .555 .614 .544  .547
36% 1.43 712 115 158 1.82 1.34 131 123 131 1.24 1.27

140 0% .368 .073 .086 .136 .149 .047 .048 .044 .040 .038 .032
12% 461 105 142 240 .260 .098 .077 .087 .094 .090 .081
36% 722 188 251 447 554 245 266 .299 .305 .274  .297

mixture normal error, uniform covariate

70 0% .563 A76 257 390 447 209 194 232 238 214 .216
27% .876 386 .601 .846 .961 .588 .587 .578 .623 .582  .565
56% 1.80 1.25 189 221 263 194 201 189 201 201 194

140 0% 267 .051 .056 .091 .08 .020 .021 .019 .024 .018 .020
27% 435 100 116 .210 .204 .058 .042 .067 .076 .083 .075
56% .853 329 447 696 .800 439 420 425 436 441  .468

skew normal error, normal covariate

70 0% 146 141 141 119 127 129 138 143 153 149  .158
12% 185 181 178 159 168 169 .179 182 .198 .202 .211
36% .281 281 286 .269 .280 .285 .301 .313 .328 .330 .332

140 0% .070 .070 .061 .050 .050 .049 .050 .053 .055 .057 .056
12% .088 .087 .078 .062 .062 .062 .063 .066 .069 .071 .074
36% 142 138 127 112 117 118 119 123 127 125 .130

skew normal error, uniform covariate

70 0% 114 112 101 .084 .086 .086 .087 .096 .101 .107 .110
27% 172 .167 .160 .139 .150 .152 .159 .159 178 .187  .202
56% .361 354 395 381 413 404 430 449 448 469 485

140 0% .053 .052  .042 .034 .033 .030 .032 .033 .033 .033 .034
27% .082 .081 .070 .059 .056 .054 .056 .057 .058 .060 .062
56% .166 162 155 .142 138 .142 .154 .154 .159 .159 .176

The table entries are simulated mean squared errors for mixture normal errors, and
10 times the simulated mean squared errors for skew normal errors.

We used the same error and covariate distributions as before and worked
with the search interval BN’C + cy+/log(N)/N based on the complete case
version of the OLSE. We chose ¢y = 1 for the skew normal errors and ¢y = 10
for the mixture normal errors. The reported results are based on samples of
size n = 70 and 140, r,, = 1, ..., 10 basis functions and 2000 repetitions.

Table 2 reports simulated mean squared errors of the OLSE and GMELE
for r, = 1,...,10. The mean squared errors are multiplied by 10 for skew

normal errors. We also list the average missingness rates (MR).

The GMELE performs in most cases much better (smaller MSE’s) than
the OLSE, except in some of the small samples. The results for the scenario
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with uniform covariates are better than the corresponding figures for standard
normal covariates. The mean squared errors for the skew normal errors are
even better than those for mixture normal errors.

5.3 Behavior for errors without finite Fisher information
A different scenario is considered in Table 3, namely when the errors are from
an exponential distribution. Since the exponential distribution has no finite

Fisher information for location it does not fit into our theory, but it still
demonstrates superior performance of the GMELE over the OLSE.

Table 3 Simulated MSE’s for exponential error

normal covariate
n MR  OLSE 1 2 3 4 5

70 0% 0157 .0085 .0092 .0073 .0075 .0086
12% .0198 .0118 .0125 .0115 .0120 .0123
36% .0306  .0242 .0235 .0232 .0216 .0209

140 0% .0075 .0021  .0020 .0017 .0018 .0020

12% .0090 .0030 .0026 .0029 .0026 .0028

36% .0140 .0058 .0056 .0064 .0054 .0063
uniform covariate

70 0% .0109  .0041 .0041 .0045 .0041 .0044
27% .0169  .0098 .0102 .0103 .0100 .0110
56% .0359 .0304 .0333 .0351 .0339 .0351

140 0% .0054  .0009 .0010 .0009 .0011 .0011
27% .0086  .0023 .0026 .0021 .0023 .0025
56%  .0179  .0100 .0096 .0088 .0088 .0097

The table entries are the MSE’s for r, = 1,...,5 constraints when the errors are
from an exponential distribution (no finite Fisher information).

Remark 4 The choice of the number of basis vectors r,, (and ry) does affect
the performance of the GMELE. This suggests using a data-driven choice. One
possibility is the approach of Peng and Schick (2005, Section 5.1), who used
bootstrap to select r, in a related setting, with convincing results. The idea is
to compute the bootstrap mean squared errors of the estimator (the GMELE
in our case) for different values of r,, say for v, = 1,...,10. Then select the
7, With the minimum bootstrap mean squared error.

5.4 Comparison of two tests

We performed a small study comparing the empirical likelihood test about
the slope from Remark 2 and the corresponding bootstrap test, which uses
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resampling instead of the x? approximation to obtain critical values. The null
hypothesis is 8 = Sy = 1 and the nominal level is .05. As in Table 1 we
consider only the full model and the sample size n = 100. Table 4 reports the
simulated significance level and power of the two tests, using r, = 1,2,...,5
basis functions. The covariates X and the errors ¢ were generated from the
same distributions as before. The bootstrap resample size was taken to be the
same as the sample size (i.e. n = 100), while we used more repetitions than
before: in order to stabilize the results obtained by the bootstrap method we
worked with 10, 000 repetitions. Our simulations indicate that the results based
on the x? approximation (denoted by x?) are much more reliable than the
results of the bootstrap approach (denoted by %). For r,, > 3 the bootstrapped
significance levels are far away from the nominal level 5%: they are between
11% and 60%, i.e. the test is far too liberal, which is in contrast to the y?
approach. The significance levels for r,, = 1,2 are reasonable for both tests. In
terms of power the bootstrap test is better than the x? test in the upper table
with normal covariates; for uniform covariates it is the other way round.

Table 4 Simulated significance level and power of the empirical likelihood test about the
slope using x2 and bootstrap quantiles

1 2 3 4 5[]1 2 3 4 5
normal covariate
mixture normal error skew normal error

B=10 x? 05 .06 .07 .09 .10 .05 .06 .07 .09 .10
# 03 07 .16 .28 42| .01 .04 .11 20 .33
B=12 2 11 .11 .11 .13 21| 52 .55 .64 .67 .72
% 19 33 51 69 .86 | .54 .74 89 .95 .98

uniform covariate
mixture normal error skew normal error
B=10 x? .05 .06 .07 .09 .10] .06 .07 .08 .09 .11
% .02 06 .14 25 39| .08 .15 .28 .44 .60

=12 x* .11 .10 .11 .13 .21 | .54 56 .65 .67 .71
% 05 10 .19 31 54| .33 26 48 .62 .75

The table shows simulated significance level and power figures of the empirical
likelihood test with null hypothesis 8 = 1 at the nominal level o = 0.05. We consider
the full model; the sample size is n = 100. The test uses approximative x? quantiles
(x?) and bootstrap quantiles ().

6 Proofs

This section contains the proofs of Theorem 1 (given in the first subsection)
and of Theorem 2. The proof of the uniform expansion that is provided in
Theorem 2 is split into three parts. In Subsection 6.2 we give six conditions
and show that they are sufficient for the expansion. That the conditions are
indeed satisfied is shown separately in Subsections 6.3 and 6.4. Subsection 6.5
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contains an auxiliary result. As explained in the introduction, we only need to
prove the results for the full model, i.e., the case when 7(X) equals one.

6.1 Proof of Theorem 1

Let p denote the mean and 7 denote the standard deviation of X. We should
point out that %, (b) does not change if we replace (X; — X) by (X; - X)/7 =
V; =V, where

Xi—pu I
V; = JT and V:ﬁ;Vj.

Thus, for the purpose of our proofs, we may assume that 2%, (b) is given by
X (b) = sup{ H nmj i mE Py, Zﬂ'j(Vj — Vv (Fp(Y; — bX;)) = O}.

In what follows we shall repeatedly use the bounds
[on(y)* < 2, Jop(y)|* < 20%r5,  and  Juy(y)]? < 27t

for all real y.

Let us set Z; = Vjun(F(e;)) and Z; = (Vj — V)uu(Fs(j), j = 1,...,n
With Z = Z;, we find the identities E[Z] = 0 and E[ZZ "] = I,, , where I,
is the r,, X 7, identity matrix, and the bound E[|Z|1] < (2r,)2E[V?] = O(r2).
As shown in Peng and Schick (2013), these results yield

- 1 &
Zn= 5 222 = Or(ri/?) o)
j=1
and
sup [— Y (u'Z;)? — 1‘ < ’—ZZ ZT = Op(r,n~1/?). (10)

lu[=1

From Corollary 7.6 in Peng and Schick (2013) and r+ = o(n), the desired result
follows if we verify

n

1 & - 1 .
ﬁZ(Zj — Z;) =op(1) and ;Z|ZJ‘_ZJ'|2:0P(T§L/”)'
=1 =

Let
A] :UTL(FB((C:]))_UH(F(‘?]))’ ]:17,71
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In view of the identity Z; — Zy = V;A; — VA; — Vu,(F(g;)), the bound
|v,|? < 27, and the fact n'/2V = Op(1), it is easy to see the desired results
follow from the following rates:

1 n
:72 A= 3/2, —1/2
S1 \/ﬁjzl‘/j J OP(Tn n )7

1 n
S, = — A = 3/2,,—1/2
2 nE i =op(ry/"n="7),

j—l

S3

van Op(ry/*n~'/2),
Sy = fZV2|A > =0p(rint).

Note that Ay, ..., A, are functions of the errors 1, ..., &, only and satisfy

M, = max |4;* < 2r*r sup|]F3 —F)* =0p(r3/n).
1<j<n

Conditioning on the errors thus yields
E“Sl|2|€1’ e ,En] = E[S4‘517 e 7571] S Mn

This establishes the rates for S; and S;. The other rates follow from |Ss|? <
M, and nE|[|S5|?] = E[|v,(F(€))|?] = rn.

6.2 Proof of Theorem 2

For t € R, we let Fnt = Fs4,-1/2, and note that Fnt is the empirical distribu-
tion function of the random variables

Ejtzsj—nfl/Qth, j=1...,n

These random variables are independent with common distribution function
F,,; given by

Fou(y) = E[F(y)] = E[F(y +n"?tX)], yeR.

To simplify notation we introduce

Rjt = Foi(eje),  Rjr = Fuileji), Rj = F(g;),

and
Zis=(V; = V)un(Rje),  Zjv = Viva(Rye),  Zj = Vivn(R)).
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Since we are working with the form of the empirical likelihood given in the
previous section, we have

n n

%’n(ﬁ—l—n_lmt) = sup{ Hmrj T e P, Zﬂijt = O}, teR.

j=1 j=1

Fix a sequence C,, such that C,, > 1 and C,, = O((logn)'/?). The desired
result follows if we verify the uniform expansion

wup | 2108208 + 71 20) | Za|? + 21, — 2724

|t1<Cn (1+[¢))2 =op(l) (1)

with Z, as in (9). To verify (11) we introduce
vy, = E[Xl;(e)Vv,(F(¢€)))].

We shall establish (11) by verifying the following six conditions.

n

1 .
sup sup |— E (u'Zj)? — 1’ =op(1/rn), (12)
[t|I<C Jul=1 n j=1

A _
sup ’ﬁ ;(th - th)’ =op(r;'/?), (13)

[t|<Ch
1 n
sup ‘— Zjy—Zj — E|Zjy — Z; ‘:0 rol/?), 14
t1<C \/ﬁ;( Jt J [ J JD P( ) ( )
sup |n1/2E[Z1t — 7] +tvp| = 0(7”;1/2)7 (15)
[t|<Cn
lvn|* — 724, (16)
- 1 &
Vp Zn — Iy = NG D v Zy = (X5 = m)ty(e5)] = op(1). (17)
j=1

These six conditions are proved in the next two subsections. We first establish
their sufficiency.

Lemma 1 The conditions (12)-(17) imply (11).

To prove this lemma, we use the following result which is a special case of
Lemma 5.2 in Peng and Schick (2013). This version was used in Schick (2013).
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Lemma 2 Let xq,...,x, be m-dimensional vectors. Set

n n n
1 1 A 1 .
T=— g zj, &= max |z;|, wm=-— E |lz;|%, S =-— 5 TT;,
n 4 1<J< n 4 n “
J=1 J=1 Jj=1

and let X and A denote the smallest and largest eigenvalue of the matrix S.
Then the inequality X > 5|Z|x* implies
n|z|>(Avy)t/? danA?|z|v,

—|zlz)® - A2(A = [zfar)?

‘—QIOg(%) nz' S~ x’<

with

%—bup{Hnﬂ'] TE Py, ZT{'JZ‘J —O}

Jj=1

Proof of Lemma 1 We introduce

T(t) = %Z th and S % Z jt7

ie.,

and
n

lu|=1 lul=1 T J=1
By (12), we have
sup [A\,(t) — 1| =o0p(1) and sup |A,(t) —1] =op(1).

[t|<Ch [t|<Ch
The conditions (13)—(15) imply
sup [nY/2T(t) — Z, + tvn| = op(r;V/?). (18)
[t|<Cn

This, together with (9) and (16) yields

sup n|'IF(t)|2 = Op(ry). (19)
[t|<Cn

Next, we find

1/2 v 1/2, 1/4
\tlsgg 1r£1ja<xn| nl < @2ra)Y 12550 V; = VI =op(r,/*n'"")

and

sup —Z|Zﬁ|4 (2r)? ZW VI* = 0p(r?).

[t <c, M
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Thus we derive

sup | — 21og Zu (B +n~2t) — (1) (S(4) ' T@)| = 0p(1),  (20)
[t|<Cn
since by Lemma 2 the left-hand side is of order Op(rf/Zn’l/Z + 7% /n). For a
positive definite matrix A and a compatible vector x, we have

2
leT A7 e —z x| <2TA7 e sup |1 —u' Au| < =z sup |1 —u' Ayl
u|=1 A =1

with A the smallest eigenvalue of A. This, together with (12) and (19) yields

sup T (80)) 7 T0) = TOTT)| = or() (21)

With the help of (9), (16) and (18) we verify

sup ‘n|'}1‘(t)|2 —Zn)? + 2tv,] Z,, — t2|un|2‘ =op(1). (22)
[t]<Ch

The results (20)—(22) yield the expansion

sup ‘ —2log Z (B4 n~Y?t) — |Z, 2 + 2tv,] Z,, — t2|un|2‘ =op(1).
[t|<Ch

From (16) and (17) we derive the expansion

|2t(vy Zn — T) = E(|val* = 72T7)]

sup =op(1).
[t1<Ch (14 ]¢])?
The desired result (11) follows from the last two expansions. O

6.3 Proofs of (14)-(17)

We begin by mentioning properties of f and F' that are crucial to the proofs.
Since f has finite Fisher information for location, we have

/V@+ﬂ—f@+@wy§3ﬁ—ﬂ, (23)

F(t) — F(s)| < Bilt — 5|, (24)
F(t 1 5) — F(t) — sf(8)] < Bals|*/2, (25)
|F(y+s)— F(y) — sf(y)|dy < B1s® (26)

for all real s and ¢, and some constants B; and Bs, see, e.g., Peng and Schick
(2016).
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Next, we look at the process
1 n
Hlt) = 7 3 (X5 35) = Eliot (XY, <R

where h,; are measurable functions from R? to R™» such that h,n = 0. We
are interested in the cases m,, = 1 and m,, = r,. A version of the following
lemma was used in Peng and Schick (2016).

Lemma 3 Suppose that the map t — hpe(z,y) is continuous for all x,y € R
and
E|hni(X,Y) = hpo (X, V)2 < K|t — 52, s,t€R (27)

for some positive constants K,,. Then we have the rate

sup |H,(t)| = Op(C,KL/?).
t<Ch

Proof of (14) The desired result follows from Lemma 3 applied with
Bt (X, Y) = Vvp(Fai(e = n~Y2tX)) —un(F())], teR,

and K,, = 27?r3 B}E[V?(X; — X)?]/n. Indeed, we have h,,o = 0 and (27) in
view of (24). Note also that 7,C2K,, — 0. O

Proof of (15) Since V and e are independent and V' has mean zero, we obtain
the identity

nY2E[Zy; — Z1) + tvy, = nY2E[Vivg (Fr(e10))] + tvn = n/2(A1(t) + As(t))
with
2200 = B[V [lon(Bus(w) = va PS4 0 7223) - £0)] o]
and
20() = B[V [ o) flu -+ n723) = ) = n~ 20X £ )] dy).
It follows from (23) and (24) that
144(0)] < (20%r8) /2By B X | BBV X[}/,
Integration by parts shows that
20(t) = ~E[V [ WP WIF( +07200) = F(g) = 072X ()]

It follows from (24) that f is bounded by Bj. This, together with (26), yields
the bound
|Ax(8)] < (27°r) 2 BYE[IVX )% /n.
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From these bounds we conclude

sup |nY2E[Zy, — Z1] + tv,| = O3/ (logn)n=1/2) = o(r; 1/?),
[t|<Chn

which is the desired (15). O

Proof of (16) and (17) Note that v, can be written as
v = E[XL(e)Vu,(F(€))] = TE[VL(e) Vv, (F(e)))].

The functions V1 (F(€)), Vpa(F(g)),... form an orthonormal basis of the
space ¥ = {Va(e) : a € Lo o(F)}. Thus v, is the vector consisting of the first
rn, Fourier coefficients of (X — p)ls(e) = 7V {;(e) with respect to this basis.
Because (X — p)ls(e) is a member of ¥/, Parseval’s theorem yields

vnl? = EI((X = n)ts(e))?] = 2 J;

and
B[] Vou(F(£)) = (X = n)l(2)?] = 0.

The former is (16) and the latter implies (17). O
6.4 Proofs of (12) and (13)
We begin by deriving properties of Rjt and R;; which we need in the proofs

of (12) and (13). For this we introduce the leave-one-out version Rj; of Rj;
defined by

- 1 n o - 1
Rje = —— ”Z?;j len < eje) = L ml[Ejt <ejtl,

which satisfies 5

n—1"

| Ryt — Ryl < (28)
We abbreviate ]:Zjo by Rj. In the ensuing arguments we rely on the following
properties of these quantities, where By, and Bs are the constants appearing
in (24) and (25):

max sup |Rj; — Rjt — R; + Rj| = Op(n=°/8(Cylogn)*/?),  (29)

1sisniy<cn

P._ P — —1/2
1I£Ja§xn |RJ RJ‘ Op(n )s (30)
sup |Rj¢ — R;| < BiCon™'2(1X;| + E[|X])), (31)
[t|<Ch
sup |Rjy — Ry +n~ 21X, — p) f(g5)]
[t|I<Cn (32)

< ByCyPn 3 I2(1 X5 P2 + BIIX ).
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The second statement follows from properties of the empirical distribution
function and the last two statements from (24) and (25), respectively. To prove
(29) we use Lemma 4 from Subsection 6.5. Let (;(t) = Rj; — Rj: — R; + R; and
m = n— 1. These random variables are identically distributed, and (n—1),(t)
equals J\N/'(n_l/Qt7 Xn,en) from the beginning of Subsection 6.5, with the role
of Y; played by ¢;. Lemma 4 gives

P( max sup |¢;(t)| > AKCY?(n—1)7%3(log(n — 1))"/?)
1<j<n |t|<Chp

< nP( sup |¢,(t)] > 4KC’,11/2m_5/8(10gm)1/2)
|t‘SCn
P(IXp| > m!*) + nEQ[|X,] < m!*|ppm(en, Cn, K)]

E[X[*1[|X| > m!/*] + Cn? exp(— K log(m))

for m > 2 and K > 6B;1(1 + E[|X]]) and some constant C. The desired (29)
is now immediate.
Note that statements (28) — (31) yield the bounds

sup |Rj; — R;| < BiCun™Y2(1X;|+ E[| X)) + 102, j=1,...,n, (33)
t<Cp

which we need for the next proof. Here &, is a positive random variable which
satisfies &, = Op(1).

Proof of (12) Given (10) and the properties of r,,, it suffices to verify

1 n

T u’

sup sup |— u' Zjp)? — — Zj) ‘ p(1/ry). (34)
lul=1 [t|<C Z " ;1

Using the Cauchy-Schwarz inequality we bound the left-hand side of (34) by
2(D,An)Y? 4+ D,, with

n

1
A, =sup — Y (u'Z;)? and D, = sup — \Ze — Z;)2.
lu|=1 T ; [t|<Cn T jzl

Given (10), it therefore suffices to prove D,, = op(1/72). This follows from
(33), the inequality

n

1 _ . )
Dy < sup — > (2V2|on(Ry0)|® + 2V 0n(Rje) — va(R))I)

<Ca ™ 3

< dr, V2 +47T2r3 ZVQ Sup |Rje — R;|> = Op(r3C2/n),

] 1 [t|<

and the rate r5 logn = o(n). O
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Proof of (13) In view of the rate V = Op(n~'/2) and the identity
Zjv = Zje = Vi(a(Rje) = va(Rj0)) = V(0a(Rje) = va(R;)) = Voa(Ry),

the desired (13) is implied by the following three statements:

% z": on(Ry) = Op(ry/?), (35)
7j=1
1 <& . ,
e ‘ﬁ ;(v”(Rjt) - vn(R»)] = 0p(Cr3/?), (36)

= op(r;1/?). (37)

sup ‘% ; Vilon(Rje) — vn(Rjq1)]

[t|<Cn
We obtain (35) from Efv,(F(¢))] = 0 and E[|v,(F(e)?] = rn. Also, (36)
follows from (33) and the fact that its left-hand side is bounded by

1 N
om2r3)t/2 — sup |Rjr — R;|.
( ) n JZ::I t]<Cn | Jt ]|

Using (28) we find

1 < ) 3
sup |— E Vilvn(Rit) — vn(R; -0 7“73/271_1/2 .
|tscn’\/ﬁj_1 3ln(Bst) = tnl at)}‘ p( )

Taylor expansions, the bound [v/”|? < 27%r7 and equations (28), (31) and (33)
show that

Ly R / L 5 2
|tT1§le’n ‘\/ﬁjz;‘/j[vn(Rjt)_Un(Rj)_'Un(Rj)(Rjt—Rj)—QUH(Rj)(Rjt_Rj) }‘

and

Ly ’ 1, )
|tT1§le'n ‘\/ﬁjz;‘/j[vn(Rjt)_Un(Rj)_'Un(Rj)(Rjt—Rj)—21}n(Rj)(Rjt_Rj) }‘

are of order TZ/ QCf{n’l. Using the identity
(a+b+c)?—a?—b>+2db=c?+2(a+ d)b+2(a+b)c

with a = Rj; — R;j, b= R — Rj, ¢ = Rjy — Rjy — R; + Rj and d = n~'/?t(X, —
w)f(e;) = n=Y2t7V; f(g;), together with the properties (29)—(32), we derive
the bounds

| ng ‘(Rjt — Rj)z — (Rjt — Rj)2 — (RJ - Rj)z + 27171/2157"/3“]0(6]‘)(]?]' — R])|
t|<Chrn

<G+ XY i=1,...n,
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with ¢, = Op(n=%/8C3/*(logn)'/2). If follows that the left-hand side of (37)
is bounded by |T1|/2 + C,7|T| + T5 + T4, where

T = TZ v (R;)(Rj — R;)?,

Z Vi (¢;)(R; — Ry),

S\H

[t|<Cn

1 3
T3 = sup ‘ﬁ Z Vivn(Rj)(Rje — Rjt)|,
j=1

and
= Op(r® 3/2,, 1/24—7“,71/20;371_1 —|—7‘,5/2n_5/802/2(10gn)1/2) = op(r —1/2)

We calculate

E[T1Pler, ... en ZI 2(R; — Ry)* = Op(rin?).

Thus |T3| = 0p(r;1/2). Next, we write 715 as the vector U-statistic

T, = n_lzw 1(F(e) f(e) (Ui < 5] = FLe,)

i#£]
and obtain
EHTQ‘Q] < E[|k7§€)|2] N 2E[V24|U;{(F(52)|2f2((;2)_(1g€1 <eg] — F(€2))2}
with k(z ) vl (F(€))f(e)(1[z < e]—F(e))]. Using the representation f(y) =

= £
f ly(2) f(2) dz and Fubini’s theorem, we calculate

W) = [ @)l < o)~ F) ) dy

— 00

= [T ChPE) P ) d:
— [ WP — o FE )G d-

—00

Thus [k| is bounded by a constant times r3/? and we see that E(|T»)?] =
O(r3 /n + 12 /n?). This proves Cy,|Tz| = Op(ry, 1/2).
We bound T3 by the sum 737 + T30 + T33, where

1 & -
T3 = sup ’* > Wil (Ry) (R — Rj)|
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)
[t|<Cn

1 < -
T = swp |52 3 VAV > 00 (R R~ R
j=1

1 n
Ty = sup ’— EV[V] > nY ! (R,) (R — R,
33 1<, \/ﬁ; [ [| | ]] n( ])( J Jt)

)

and W; = V;1[|V;| < n'/4] — E[V1[|V| < n'/4]. Since V has a finite fourth
moment, we obtain the rates maxi<j<n|V;| = op(n'/*) and E[|[V[1[|V] >
nt/4) < nSAEBVAL|V] > n/4] = o(n™%/*). Thus we find P(T3, > 0) <
P(max; <<y |[Vj| > n/4) = 0 and Ts3 = op(n=3/4r3/?), using (29) and (30).
This shows T35 + T33 = op (7"771/2).

To deal with T3; we express it as

1
Ty = s 1/2’7 Wl (Fe)(1lesn < 54] — Fop(e ‘
il B s DR e (1ea < el - Funlern)

Let us set
Eni(z) = E[Wu,(F(z +n"Y2%X))], zeR.

Using (24) we obtain the bound
Elknt(ejt) = kns(e5:) "] < 2%, BYEIW?(X; — X)*||t — s[*/n

and derive with the help of Lemma 3

sup ‘% Z(knt(Ejt) — E[knt(ajt)]) — OP(TZ/QCnn71/2),

[t|<Cn
We therefore obtain the rate Ty; = OP(nfl/z), if we verify
sup |U(t)] = Op(r¥*n""logn), (38)
|t‘SCn

where U(¢) is the vector U-statistic equaling

1
T ; (Wi (F(e)) (1leie < 250] = Fuelesn)) + kneleie) = Elka(ir)]]-
i#j
It is easy to verify that U(t) is degenerate. Let ¢, = —C,, + 2kC,/n, k =
0,...,n. Then we have
sup |U(t)] < max (|U(tg)|+ su Uit)—-Ul(t . 39
swp (U] < max (U@ + sw (U0 -UE). @9

For t € [tx—1,tx], we find

U(t) — Uty)| < (20%3)1/2 (2n1/4(N,j +ND) A+ zBlcnn*Ws) (40)
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with
1 n
ﬁz (W5[(1X5] + E[IX1) + E[[W|IX;| + 2B[|WX]] + B[ W[ E[|X]]),
=1
1
N]:'_ = m Z l[tk_lDij <g—¢g; < tkDij]l[Dij > 0],

i#]
1
N]; = — Z 1[tkDij <& —¢j < tkrleij}l[Dij < 0],
n(n —1) vy
and D;; = n~Y/2(X; — X;). We write Uj(t) for the I-th component of the vector
U(t). Then we have

1/2
P(lrglkax |U(t)| > n) < ;;Pw} te)l >mnr, %), m>0.

Since Uj(t) is a degenerate U-statistic whose kernel is bounded by
b = 2711/4(\[271'[ + \/5) < 21n/4]

and has second moment bounded by 2(7l)?, we derive from part (c) of Propo-
sition 2.3 of Arcones and Giné (1993) that

C2n
sup P((n—1)|Ui(t)| >n) <crexp | — -
sup P((n = DIG(E] > ) < ( \/Qmﬁ/snl/%_l/g)

for universal constants ¢; and co. Using the above we obtain

K373 % logn
P U(1)] > © T

§ZZ ((n —D)|U(t)| > K3r,logn)

k=11=1
—ca K31
< nrpci exp ( €2 og(n) ), K > 0.
V21 + 9K (logn)1/3n-1/6
This shows that

max |U(ty)| = Op(r3/?>n~tlogn). (41)

1<k<n
To deal with N, lj we introduce the degenerate U-statistic

1

oL
Enn—1)

> 1Dy > 0)¢(i, )
i#£j
with
§e(i,J) =1[tk—1Dij < €; — €5 <ty Dyj] — F(ej + tpDij) + F(ej + tr—1Dij)
— F(e; — th—1Dij) + F(ei — tpDyj) + Fo(tiDyj) — Fao(tp—1Dsj)
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and F3 the distribution function of €1 — 5. It is easy to see that

~ 1
NG = NI < GBlcnn—3/2m > IXi =Xl
i#]
The kernel of the U-statistic Nlj is bounded by 8 and has second moment
bounded by D,n~%/? with D, = 2B,C,E[|X; — Xs|]. Thus, by part (c) of
Proposition 2.3 in Arcones and Giné (1993), we see that the corresponding
degenerate U-statistic IV, ,j' satisfies

n
5 K3(1 3/2,,—1/2 K3(1 3/2
S PN} > (log n)*/*n )anexp(_ - c2 K (log n) )
k=1 n—1 Dy/“n=1/4 + 4K (log n)1/2
The above shows that
+_ —3/2 3/2

[max. N,” =Op(n=""*(logn)°’*). (42)
Similarly one obtains

1r£n}3;ank_ = Op(n~%?(logn)®/?). (43)
The desired (38) follows from (39)-(43) and S = Op(1). This concludes the
proof of (13). O

6.5 Auxiliary Results

Let X and Y be independent random variables. Let (X1,Y7),..., (X, Y:m) be
independent copies of (X,Y). For reals ¢, z and y, set

N(ta,y) = S (A — X, <y — ta] — 1[Y; <))
i=1
and }
N(t,z,y) = N(t,z,y) — E[N(t,2,y)].
Lemma 4 Suppose X has finite expectation and the distribution function F
of Y is Lipschitz: |F(y) — F(z)| < Aly—x| for all z,y and some finite constant
A. Then the inequality

2

) )
P N(t dn) < (8M +4
(ﬁépé| (t, 2. y)| > 4n) < (SM + )eXp(zmA6E[|X—a?|]+277/3>

holds forn >0, § > 0, real x and y and every integer M > mASE[| X — z|]/n.
In particular, for C > 1 and K > 6A(1 + E[|X|]), we have

Py, C.K) = suwp P sup [N(ta,y)| > 4KC*m*/ (logm)'/?)
z|<m1/4 N|t|<O/m1/2
8m3/801/2)

<(124+ ———F+
- ( * 6(logm)1/2

) exp(—Klog(m)), ye€R.
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Proof Fix z and y and set v = E[|X — z|]. Abbreviate N(t,z,y) by N(¢) and
N(t,x,y) by N(t), set
N(t) =Y (AY; = t(X; —2) < y] = 1Y) < y)1X; — > 0],
i=1
N_(5) = SCALY; — HX —2) <y — 1] < g)1X; — 2 < 0]
i=1
and let Ny (t) = N4 (t) — E[N4(t)] and N_(t) = N_(t) — E[N_(t)]. Since F is
Lipschitz, we obtain
E[N; (1)) — B[N+ (t)]] < mAJt, — o]
For s <t < u, we have
Ny (5) = B[N (u)] € Ny (8) = EIN4 (8)] < Ny (u) — B[N, (s)]
and thus
N, (s) —mAlu — slv < Ny (t) < Ny (u) + mAju — s|v.
It is now easy to see that
sup | N (¢ < max Ny (k6/M)| + mAdv /M
wp [N (0] < max N (k9/00) /

for every integer M. From this we obtain the bound

M
Plsup ¥ (0] 2 20) < 30 PUN.(k8/M) > ) + PlmAdw/M > ).
t=< k=—M

The Bernstein inequality and the fact that the variance of
(Y =X —2) <yl - 1[Y <)X > 4]

is bounded by A[t|v yield
2

3 n
N M <2 C 2mASv +2n/3)°
P(INy (k6/M)| > n) < eXp( 2mAsv + 277/3)
Thus we have
. i
P No(d)] > 2n) < 2(2M + 1 T 2mAdy + 21/3
(\ilug%| +(t)] > 2n) <2( +1)exp ( 2mAdv + 277/3>

for M > mAdév/n. Similarly, one verifies for such M,

2
Y n
P N_(t 2n) < 2(2M +1 (——)
(ﬁlugrgl (t)| > 2n) <2(2M +1)exp TTESTIE
Since N(t) = N, (t) + N_(t), we obtain the first result. The second result
follows from the first one by taking § = Cm~'2, n = KCY?m3/%(logm)'/?
and observing the inequality (logm)/?m=3/8 < 1. O
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