Estimating theerror distribution function in
nonparametric regression *

Ursula U. Mller, Anton Schick, Wolfgang Wefelmeyer

Summary: We construct an efficient estimator for the error distribution function of the nonpara-
metric regression model Y = r(Z) 4 e. Our estimator is a kernel smoothed empirical distribution
function based on residuals from an under-smoothed local quadratic smoother for the regression
function.

1 Introduction

Consider the nonparametric regression model Y = r(Z) + ¢, where the covariate Z and
the error ¢ are independent, and  has mean zero, finite variance o2 and density f. We
observe independent copies (Y1, Z1), ..., (Ya, Z,) of (Y, Z) and want to estimate the
distribution function £ of <. If the regression function r were known, we could use the
empirical distribution function I based on the errors ¢4, . . . , €,,, defined by

n

F(t) = %Z 1{e; < t}.

i=1

We consider the regression function as unknown and propose a kernel smoothed empir-
ical distribution function I, based on residuals from an under-smoothed local quadratic
smoother for the regression function. We give conditions under which [, is asymptoti-
cally equivalent to IF plus some correction term:

n

. 1
iggnl/g F.(t) - F(t) — £(t)~ ;s = 0,(1). (1.2)

Smoothing the empirical distribution function is appropriate because we assume that the
error distribution has a Lipschitz density and therefore a smooth distribution function. A
local quadratic smoother for the regression function is appropriate because we assume
that the regression function is twice continuously differentiable.

It follows from (1.1) that I, (¢) has influence function

1{e <t} = F(t) + f(t)e.
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Muller, Schick and Wefelmeyer (2004a) show that this is the efficient influence function
for estimators of F'(t). Hence I, is efficient for F in the sense that (I, (¢1), . .., F.(tx))
is a least dispersed regular estimator of (F'(¢1), ..., F(t)) forall ¢; < --- < ¢} and all
k. The influence function of our estimator coincides with the efficient influence function
in the model with constant regression function; see Bickel, Klaassen, Ritov and Wellner
(1998, Section 5.5, Example 1).

It follows in particular from (1.1) that I, (t) has asymptotic variance

F)(1 = F(0) + 02720 200 [ /(o)
If f is a normal density, this simplifies to
F(t)(1 = F(t)) — o f2(t).

Hence, for normal errors, the asymptotic variance of I, (¢) is strictly smaller than the
asymptotic variance F'(t)(1 — F(t)) of the empirical estimator F(¢) based on the true
errors. This paradox is explained by the fact that the empirical estimator F(¢) is not
efficient: Unlike I, (¢), it does not make use of the information that the errors have mean
zero. The efficient influence function for estimators of F'(¢) from mean zero observations
€1y..-,En IS

t

1{e <t} — F(t) — Co(t)e with Cy(t) = 072/ xf(x) dx;

see Levit (1975). Efficient estimators for F'(¢) from observations ¢4, . . ., &, are
A 1 2 . A Zn, Eil{fz‘i S t}
F(t) — Co(t)= ; with Cy(t) = == :
(t) 0()n;5 o(?) S22

and the empirical likelihood estimator
1 n
o ;pil{fi <t}
1=

with (random) probabilities p; maximizing [, p; subject to " | p;e; = 0. The
empirical likelihood was introduced by Owen (1988), (1990); see also Owen (2001).
The asymptotic variance of an efficient estimator F(¢) for F'(¢) fromey, ..., e, is

F(O)(1 - F(t)) — 0—2([0 o f(z) da:)Q.

The variance increase of our estimator I, (t) over [Fy(t) is therefore
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This is the price for not knowing the regression function. For normal errors this term
is zero, and we lose nothing. We refer also to the introduction of Miiller, Schick and
Wefelmeyer (2004b).

Our proof is complicated by two features of the model: the error distribution cannot
be estimated adaptively with respect to the regression function, and the regression func-
tion cannot be estimated at the efficient rate n—'/2. Akritas and Van Keilegom (2001)
encountered these problems in a related model, the heteroscedastic regression model
Y = r(Z) + s(Z)e. They used different techniques and stronger assumptions to get an
expansion similar to (1.1). Their results do not cover ours in our simpler model.

Previous related results are easier because at least one of these complicating features
is missing. Loynes (1980) assumes that Y = h(Z,4). Koul (1969), (1970), (1987),
(1992), Shorack (1984), Shorack and Wellner (1986, Section 4.6) and Bai (1996) con-
sider linear models Y = ¢ 7 Z + 0. Mammen (1996) studies the linear model as the di-
mension of ¢ increases with n. Klaassen and Putter (1997) and (2001) construct efficient
estimators for the error distribution function in the linear regression model Y = 9 7 Z +«.
Koshevnik (1996) treats the nonparametric regression model Y = r(Z) + ¢ with error
density symmetric about zero; an efficient estimator for F' is obtained by symmetrizing
the empirical distribution function based on residuals. Related results exist for time se-
ries. See Boldin (1982), Koul (2002, Chapter 7) and Koul and Leventhal (1989) for linear
autoregressive processes Y; = 9Y;_1 + €;; Kreiss (1991) and Schick and Wefelmeyer
(2002b) for invertible linear processes Y; = ; + > po ; o (9)e;—k; and Koul (2002,
Chapter 8), Schick and Wefelmeyer (2002a) and Miiller, Schick and Wefelmeyer (2004c,
Section 4) for nonlinear autoregressive processes Y; = r(d,Y,_1) + ;. For invertible
linear processes, Schick and Wefelmeyer (2004) show that the smoothed residual-based
empirical estimator is asymptotically equivalent to the empirical estimator based on the
true innovations. General considerations on empirical processes based on estimated ob-
servations are in Ghoudi and Rémillard (1998).

Our result gives efficient estimators [ h(t) dF.(t) for linear functionals E[h(¢)] with
bounded h. For smooth and F'-square-integrable functions A, it is easier to prove an i.i.d.
representation analogous to (1.1) directly; see Miller, Schick and Wefelmeyer (2004a),
who also use an under-smoothed estimator for the regression function. Miller, Schick
and Wefelmeyer (2004b) compare these results with estimation in the larger model in
which one assumes E(c|Z) = 0 rather than independence of € and Z with E[e] =
0. A particularly simple special case is the error variance o2, with h(x) = x2. For
the estimator %Z?Zl €2 based on residuals ¢; = Y; — #(Z;) with kernel estimator 7,
under-smoothing is not needed. The asymptotic variance of this estimator was already
obtained in Hall and Marron (1990). Muller, Schick and Wefelmeyer (2003) show that
a covariate-matched U-statistic is efficient for o2; it does not require estimating » but
uses a kernel density estimator for the covariate density g. There is a large literature on
simpler, inefficient, difference-based estimators for o2; reviews are Carter and Eagleson
(1992) and Dette, Munk and Wagner (1998) and (1999).

We can write

F(t) = / 1y —r(2) < 4Q(dy, d2),

where @ is the distribution of (Y, Z). Our estimator is obtained by plugging in estimators
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for Q and ». For @ we use essentially the empirical distribution; for » we use a local
quadratic smoother that is under-smoothed and hence does not have the optimal rate for
estimating r. This means that our estimator does not obey the plug-in principle of Bickel
and Ritov (2000) and (2003).

The paper is organized as follows. Section 2 introduces our estimator and states, in
Theorem 2.7, the assumptions needed for expansion (1.1). Section 3 derives some conse-
quences of exponential inequalities, and Section 4 contains properties of local polynomial
smoothers. Section 5 gives the proof of Proposition 2.8.

2 Theestimator and the main result

Let us now define our estimator. We begin be defining the residuals. This requires an
estimator 7 of the regression function. We take 7 to be a local quadratic smoother. To
define it we need a kernel w and a bandwidth ¢,,. A local quadratic smoother 7 of r is

defined as 7#(x) = Bo(x) for = € [0,1], where 8(z) = (Bo(x), B1(x), B2(x)) T is the
minimizer of

- 21 Zi—=w
Z(Y Bo = Ba( j—m)—ﬁ2(2j—3«”)2) —w(J—)-
= Cn Cn
The residuals of the regression estimator 7 are

& =Yi—#2), i=1

N

Let I denote the empirical distribution function based on these residuals:

Our estimator of the error distribution function will be a smoothed version of IAF.ATo this
end, let k be a density and a,, another bandwidth. Then we define our estimator F,. of F’

by

:|>—‘

F,(t) = /f@(t —anp2)k(x)dzr, teR.

With K the distribution function of &, we can write
R t—=x N 1 & t—¢&
T, (t) = /K( . ) df(z) = Z;K( .

This shows that I, is the convolution of the empirical distribution function I of the
residuals with the distribution function ¢ — K (t/a,,). Alternatively, .. is the distribution
function with density f. given by

£u(t) = %ik(t;{f) teR.
n =\ ay

This is the usual kernel density estimator of f based on the residuals, with kernel k£ and
bandwidth a,,. We make the following assumptions.

) teR.
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Assumption 2.1 The covariate density ¢ is bounded and bounded away from zero on
[0, 1], and its restriction to [0, 1] is (uniformly) continuous.

Assumption 2.2 The regression function r is twice continuously differentiable.

Assumption 2.3 The error density f is Lipschitz, has mean zero, and satisfies the mo-
ment condition [ |z|" f(z) dz < oo for some v > 4.

Assumption 2.4 The density & is symmetric, twice continuously differentiable, and has
compact support [—1, 1].

Assumption 2.5 The kernel w used to define the local quadratic smoother is a symmetric
density which has compact support [—1, 1] and a bounded derivative w’.

Assumption 2.6 The bandwidths satisfy a,, ~ n~/*/logn and ¢,, ~ n~ /4.

Note that ¢,, is smaller than the optimal bandwidth under Assumptions 2.1 and 2.2.
Such a bandwidth would be proportional to n=1/5. This means that our choice of band-
width results in an under-smoothed local quadratic smoother.

We are now ready to state our main result.

Theorem 2.7 Suppose that Assumptions 2.1 to 2.6 hold. Then

&g
1

supn! 2[R (1) — F(#) — 7 (1)

teR i

= op(1).

n

In particular, n*/2(IF, — F) converges in distribution in the space D([—o0,0]) to a
centered Gaussian process.

Proof: Fora € Rand ¢t € R set
F,(t) = /F(t —ax)k(z)dr and TF,(t) = /F(t— ax)k(z) dz.
Since the density &k has mean zero by Assumption 2.4, we have
Fu(t) — F(t) = / (F(t — az) — F(t) + azf (t)) k(z) dz

1
= /(—am)/ (f(t —axy) — f(t)) dy k(x) dz.
0
Thus the Lipschitz continuity of f yields

sup |Fa, (t) — F(t)| = O(a}) = o(n™/?).
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It follows from standard empirical process theory that

Gy =n'/?sup Fa, (z) — Fa, (z) = F(z) + F(2)| = 0p(1), an — 0. (2.1)
z€R

Indeed, with W,, = n'/2(F — F) we have

= sup ‘ / w(t — ans) — Wy (t)k(s)ds| <sup sup |[W,(t+s)— Wy(t)].
teR teR |s|<|an]

The above shows that

supnl/QyF —F(t)| = o(1).
teR
Hence the desired result follows from Proposition 2.8 below. O

Proposition 2.8 Suppose that Assumptions 2.1 to 2.6 hold. Then

. 1 &
sup nt/?|F,(t) — Fa, (t) — f()— Z £

=1

= 0p(1).

The proof of Proposition 2.8 is in Section 5. We conclude this section with a simple
lemma that will be needed repeatedly in the sequel.

Lemma 2.9 Suppose that [ |z|® dF(z) < oo for some 8 > 1. Then

1/8
max leil = op(n™/7).

If F' has also mean zero, then, as A — oo,

Ele1{le] < A}] = o(A}H).

Proof: The first conclusion follows by the sharper version of the Markov inequality: For
a > 0,

1/8 _ 1/8Y <« ,—BF(|-18 1/8
P(lrga<x lei] > an )_;P(|51|>an ) < aPE[|e|’1{|e] > an'/P}] — 0

The second conclusion follows from
|Ee1{le| < A})| = |E[e1{|e| > A}]| < A" PE[le]’1{le| > A}] = o(A'77).

In the first equality, we have used that ¢ has mean zero. a



Estimating the error distribution function 7

3 Auxiliary Results

In this section we derive some results that will be used in the proof of Proposition 2.8.
Let (S, 6, Q) be a probability space. For each positive integer n let V. Vy,...,V, be
independent S-valued random variables with distribution @, and for each x in R, let &,
be a bounded measurable function from .S into R. We first study the process H,, defined

by

Lemma3.1 Let B,, be a sequence of positive numbers such that B,, = O(n®) for some
a > 0. Suppose that

sup (B2, (V)] + sl ) = On/ logn) (3.0)

|| <Bn
and, for positive numbers x, and o,

[ny = hnalloo < ly — 2" OM"), 2|, [yl < Bn, ly—2z/<1. (32

Then
sup |H, ()] = 0,(1). (33)
lz|<Bn
If we strengthen (3.1) to
sup (B[R2,(V)] + sl ) = o(n/logn), (3.4)
|z|<Bn
then
sup [Hy ()] = op(1). (35)
|z|<Bn
Proof: To prove the lemma we use an inequality of Hoeffding (1963): If &,...,&, are

independent random variables that have mean zero and variance o2 and are bounded by
M, then forn > 0,

P(ixs

Applying this inequality with {; = h,.;(V;) — E[hn.(V')], we obtain for n > 0:

_ n—nQ)
202+ (2/3)Mn/"

277) §2eXp(

2

nn
PUHA@) 2 ) < 20 ( = gy o)

Thus there is a positive number a such that for all > 0,

2
sup P(|Hy(@)| = ) < 2exp (= -2
|z|<Bn v

alogn).
Ui
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Now let 2., = — B, + 2kB,n~™ for k = 0,1,...,n™, with m an integer greater than
a + ko /k1. The above yields for large enough n > 0,

m

P 1Hulr)| > 1) < 32 P(Ho(wi)] > 1) = o).

Now, using (3.2),

swp [Hy(o)] < max (|Ha(wa)l+  sup  [Ha(2) = Hlwa)])
|z|<Bn k=0,...,n™ |2 =k | <Bpn=m
= O0p(1) + O(Brn~m"n"2) = O,(1).
This is the desired result (3.3). The second conclusion is an immediate consequence. O

Next we consider the degenerate U-process

Un(z):n_m/Q Z unm(‘/’ilv"'a‘/im)a IEGR,

(i1, sim)EIR

with I7" = {(i1,...,4m) : 1 <4; <n,i; # iy if j # k}, and v, abounded measurable
function from S™ to R such that forall vy, ..., v, In .S,
Eltne(Vi,v9,...,0m)] = -+ = Elupg(v1,v9,..., V)] = 0.

Set [[unallz = (Efu, (V1. Vin)])/2.

Lemma3.2 Let B,, be positive numbers such that B,, = O(n®) for some o > 0. Sup-
pose that

sup (a3 4 e 2 0=/ ) = O((logm) ™) (36)
|z|<Bn

and, for some positive 1 and ko,

[teny = Unzlloo < |y —2|™OM™2), x|, |y| < Bp, |y—z|<1. (3.7)

Then
sup |Un(2)] = 0,(1). (38)
|2|<Bn
If we strengthen (3.6) to
sup (s 3™ + e 2L On /D) = o((logm) ™), (3.9)
lz|<Bn
then
sup |Un(z)| = 0p(1). (3.10)

|z|<Bn
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Proof: We use a similar argument as for Lemma 3.1, but rely now on the Arcones—
Giné exponential inequality for degenerate U-processes (inequality (c) in Proposition 2.3
of Arcones and Giné, 1994). This inequality states that there are constants ¢; and cs
depending only on m such that, for every n > 0, all z and all

C2,02/m )

P(|Un(2)] >n) < crexp (
2™ + (|t | oo/ mn—1/2)2/ (m+1)

From this inequality one obtains as in the proof of Lemma 3.1 that there is a positive
number b such that

2/m
n
|IS|1§1%71 P(|Un(2)] > n) < crexp ( - Wbbgn), n>0.
Now proceed as in the proof of Lemma 3.1. O

4 Propertiesof local polynomial smoothers

For an introduction to local polynomial smoothers we refer to Fan and Gijbels (1996).
In this section we derive some properties of local polynomial smoothers 7 of order d,
defined by #(z) = fBo(z) for z € [0,1], where 8(z) = (Bo(z),...,Ba4(x))" is the

minimizer of
n d
Zj —x\™\ 2 1 Zj -
(=X () ) e(F)
7j=1 m=0
Here we have re-scaled 34, . . ., 84 for convenience. The normal equations are
1 n
s
where the vector w,, () = (wno(z), ..., wna(x)) T has entries
™ T
won(®) = s ()
and the matrix @, (x) has entries g, g+m(z), k,m = 0,...,d, with
1 n
j=1
By the properties of the kernel w and the covariate density g we have form = 0,...,2d
and all x € R,
[wnm ()| < ||w||ooc (4.1)
[whm (@) < ([’ ||oo+m||w||oo s 4.2)
Elwp,(Z = 2)] < [lwllcollglloccy ™ (4.3)
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Write p,(z) = (pno(z), ..., pna(x)) " for the first column of the inverse Q,,(x)~! of
Qn(z), and
An($, y) = pn(x)Twn (y - I)

From the normal equations we obtain
() = Bole) = = 3" Au(e, Z))Y,
re) = = — ; .
0\ n 4 n\L, ])]
j=1
For the expectation of g, (x) we write

U (%) = Elgnm (z)] = /g(m + Cat)t™w(t) dt.

We define Qn(z) correspondingly, replacing qnm () bY G, (). Furthermore, p,, and
A,, are defined as p,, and A,,, with Q,, replaced by Q...
For a unit vector v = (v, ...,vq) " and 0 < x < 1 we have

d 2
v Qu(z)v = / (Z ’Uiti) g(z + cpt)w(t) dt.
i=0

Thus, by Assumption 2.1,
IN((1—z)/cn) d 2
1 >0'Q > inf )
@+ Dl 207 Quee 2 nt o) [0 (St wi

By Assumption 2.5, there is an > 0 such that the eigenvalues of Qn(z) are in the
interval [, (d + 1)||g||co] for all z and n. Thus @,,(x) is invertible, and

sup [|Q7 " ()] < 1/n. (4.4)
0<z<1

Lemma 4.1 Suppose Assumptions 2.1and 2.5 hold. Letc,, — 0andc,! = O(n/logn).
Then

SUp |@nm () — @ (2)| = Op((ncn/logn)_l/g), m=0,...,2d,
0<z<1

and consequently

sup [|Qn(2) = Qu(@)]| = Op((ncn/logn)~1/?).

0<z<1

Proof: Fix m and use Lemma 3.1 with B,, =1, V; = Z; and

g (V) = (ney/ logn)Y 2wy (v — ).

For these choices, the conditions (3.1) and (3.2), with k; = ko = 1, follow from (4.1) to
(4.3). 0O
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Lemma 4.2 Suppose Assumptions 2.1 and 2.5 hold. Assume also that f has mean zero
and finite moment of order 3 > 2. Let ¢, — 0 and ¢;, 'n?/% = O(n/logn). Then

sup __jg:zunm

0<z<1

= 0,((ne,/logn)~?), m=0,...,2d.

Proof: Fix m. In view of Lemmas 2.9 and 4.1 it suffices to show that

sup _'E /wnm/ En]

0<z<1

= Op((ncn/ logn)~1/?), (4.5)

where e,,; = £,;1{|e;| < n'/P} — E[e1{|e| < n'/P}]. Here we used the fact that
(nen/logn)Y2Ele1{le] < n'/P}] = O(n=1/2c/2n1/8) = o(1).
But (4.5) follows from an application of Lemma 3.1 with B,, =1, V; = (Z;,¢,) and
hna(Zj, ;) = (ncn ) 1ogn) Y 2w (Z; — 2)en;.

Indeed, the left-hand side of (3.1) is of order n/log n + (ncy/logn)'/?c; 'n'/8, which
is of order n/logn by the assumptions on ¢,. Relation (3.2) follows by the Lipschitz
continuity of w. m]

Theorem 4.3 Suppose Assumptions 2.1 and 2.5 hold. Assume also that f has mean zero
and finite moment of order 3 > 2. Let ¢,, — 0 and ¢, 'n*/# = O(n/logn). Then

sup —ZA (x, Z;) 5]‘7 ((nen/logn)~1/?). (4.6)
0<z<L1

If, in addition, r is v-times continuously differentiable with v < d, then

sup
0<z<1

P(z) —r(z) — = ZA x, Zj) 6]‘ = Op(logn/(nec,)) + op(cy). 4.7)
If 7 has a Lipschitz continuous d-th derivative, then o, (c ) can be replaced by O, (ct1).

Proof: Since

1 b ()T 1
EZAn(x?Zj)Ej an 5],
Jj=1
relation (4.6) follows from (4.4) and Lemma 4.2. To prove (4.7), write

f(x) ( +pn :E:QU” 4’$
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with
1 n
— Z (x, Z;j)r(Z;).
n :

By Lemma 4.1 and relation (4.4),

sup [[pa(2) = B, (2)]| = Op((nen/logn)~1/2). (4.8)
0<z<L1

In view of this and Lemma 4.2, assertion (4.7) follows if we verify

sup |7(z) —r(z)| = op(cy)- (4.9)
0<z<1

By construction,

S An(x,Z;)=1 and > An(z,Z)(z—Z;)" =0, m=1,...,d

Jj=1 Jj=1

Hence, if we assume that r is v-times continuously differentiable with v < d, we can
write

174

m!

r(m) (z)w)

i) =r@) € S MA@Z) G s ) =)

€[0,1],|z—x|<cn

By (4.8), Lemma 4.1 and (4.4),

sup —Z|A (x, Z;)| = Op(1). (4.10)

0<z<1 M

The desired (4.9) follows from this and the uniform continuity of »*) on [0, 1]. If the
d-th derivative is Lipschitz, one readily sees that (4.9) holds with o,(c?) replaced by
Op(cith).

We conclude this section by pointing out an additional property of A,,.

Lemma 4.4 Suppose Assumptions 2.1and 2.5 hold. Letc,, — 0andc,! = O(n/logn).

Then
n n _ 2
lz (%ZAn(zj,zi) —1) = 0,(). (4.11)
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Proof: Since

_ _ 1 Tr—z
An(z )] < swp [Fuwlld+ DY —w(=—),

0<y<1 n Cn
we obtain from Lemma 4.1 and the properties of Q,, that

I~ - 1<~ -
sup _Z|An($,Zj)|+021;21EZ|A,”(Z]-7$) =0,(1). (4.12)
J=1 == =1

0<z<1

Let 3 be the (d+1)x (d+ 1) matrix with (i, j)-entry given by [ ¢T7=2k(t) dt. It follows
from the uniform continuity of g on [0, 1] that

sup 1@Qn(y) — g(2)Z]| = o(1).

en <z, y<l—cp,|lz—y|<cy

This and Lemma 4.1 yield

sup
cp<x<l—cy

> (e = 2)) = gla) [(-"k(0)dt] = 0, (1)

form =0,...,2d. Let u denote the first column of ¥ and v be the first column of 1.
Then we have

1
sup Pav) = || = o)
Cn <z, y<l—cp,|z—y|<cn g(m)
and
1 n
sup ’— Wy (r — Z; —ga:quol.
2 5 e =2 =gt = o)

Since v "u = 1, we immediately obtain that

sup
2¢cp <x<l-—2¢y

1 o
=Y Bl wala = Z;) — 1] = o,(1).
j=1
The desired result follows from this, (4.12) and the fact that, by Assumption 2.1,

%ia{zi <20} +1{Zi > 1 - 2c}) = 0,(1).

5 Proof of Proposition 2.8

Let ¢, = (nc,/logn)~/2. By choice of ¢, and a,, we have ¢, = o(a,,). It follows
from Theorem 4.3 that our local quadratic smoother 7 satisfies

sup [#(z) —7(2)| = Op(qn)-
0<z<1
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This and Lemma 2.9 yield that the probability of the event {max;<;<, |¢;| > n'/3 —
an} U{max;<j<n |€;] > n'/? — a,} tends to zero. On the complement of this event we
have F,(t) = F,, (t) = O forall t < —n'/3 and F,(t) = F,, (t) = 1 forall t > n!/3,
Finally, supy,~.,,1/s f(t) = o(1) by the uniform continuity of f. Combining the above
and the fact that L 3", &; = O, (n~'/?), we obtain that

Fu(t) — Fa, (t) — f(t) 1 ZEJ" = 0,(n"12),

sup
[t|>nl/3

Thus we need to show that

sup
[t|<nt/3

Ba(t) ~ Fa, () — 1) = > =

For this, we first derive some preparatory results. Let ¢ be a Lipschitz-continuous func-
tion with compact support contained in [—1, 1], and b,, a sequence of positive numbers
such that b, — 0 and b;,;! = O(n/logn). Then it follows from Lemma 3.1 that

LN T _ /
s nb 1¢>( , J) /f(z but)o dt’ = 0,((logn/(nb,))?). (5.1)
Since f is Lipschitz,
igg’/f(m—bnt tydt — f /¢ dt‘ - (5.2)

It follows from (5.1) and (5.2), with ¢ replaced by ||, that

1/3 nb Z ‘¢(

Next, let ¢ be the triangular density defined by ¢ (x) = (1 — |z|)1{]z| < 1}. Then we
have for z € R and v € R with |u| < a,, that

=) = 0,1). (5.3)

\z\<n

. )| = Iolloc1{j2] < 200} < 2||¢||oow(ﬁ).

(o

This shows that for all ¢ € R and random variables &,, ; and ¢, ; we have

(Yot < )| < 2ol

_ 5]’) ‘
4an |C’ﬂ,]|'
Thus if maxi<j<n |£n,j| = op(an), we have

A,

\t|<n1/3 =

=0y max lGusl). 64

1<j<n
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We can write

. 1 & t—&; —e; +7(Z;) —1(Z))

F.(t) == K( J)— K( J J), teR.
0=n 2K, Z ~ €

Choose v > 4 such that [ |z|” f(z) dz < co. By Lemma 2.9 we have

P(max |e;| > nt/7) =0 and Ele11{|e;] < n'/7}] = o(n™1/?). (5.5)

Lete,; = e;1{|e;] <n'/7} — Elg;1{|e;] < n'/7}]. Set

5n,i:_ZA Zz,Z En,js iil,...7n,

IF‘*(t):—ZK( 5J+5’”) teR.

Our next goal is to show that

sup |F.(t) — F.(t)] = op(n~1/?). (5.6)

|t|<n1/3
It follows from (4.4) and the properties of w that
|4, (2,2)| < Col{|z — 2| < ¢}, =,2€]0,1], (5.7)
where C,, = O(c;1). In view of (4.12) and (5.5), Theorem 4.3 and Lemma 4.4 yield

_ NS | — —1/2
1rilza<x |7(Z:) — r(Z;) — Onyi| = op(n ), (5.8)
112232( |5n z| = Op(qn)a (59)
1 « _
- Zén,j - Zsj = 0,(n"1/?). (5.10)
=1 =1

With ¢, ; = #(Z;) — r(Z;) — 6,,; We have

. _ —ei 46, -
(1) — Fu( / nanzgma ( €J+an,y+SC J)ds.

Using (5.8), (5.9), and (5.4) with ¢ = k, we obtain (5.6).
A Taylor expansion shows that

=S|

) = Fay (1) = Taa(0) + 5T (t) + 3 Ra),

where

- 1 ~ t*Ej ) - 1 ’ t*Ej 2
t)inangl% an )5n’]’ Tng(t)ina,%zk( a )5”’]"

Jj=1
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and
— &5 + S0y,
/ e} Zk" / J)(;;O’m-(l —5)%ds.
By (5.4) and (5.9),

sup [Ru(t)] = Oplay?qy) = op(n™"/?).
lt|<n1/3

For t € R, let now

f(t —anz)k' (z 5
—a | P2

1 - n1/2
sup Sn 1 - gy )a
[t|<nl/3 n ]:Zl J
and from [ &'(z) dz = 0 that
— 62 =0 2y —1/2
Sup | n2( )l rgf{Xn mn,t P(qn) O;D(n )

|t|<n1/3
Thus the desired result will follow if we show that

sup [T (t) = Spu(t)] = 0p(n™ V%), v=1,2.

|t|<nl/3

(5.11)

We shall demonstrate this for the case v = 2. The case v = 1 is similar, yet simpler.

We can write n'/2(T}, o(t) — Sy, 2(t)) = S°0_, Un.i(t), where

Un,l(t) = n_3/2 Z ¢n,t (Ei)n_la;QAn(Zia Zj)An(Zi; Zl)gn,jgn,l;

(g l)EID
U Z ¢nt 51 2A2 (ZUZ )( _E[E%,l])7
(i,9)€1y
Uns(t) =n"" Y~ dnplei)n*a (A5 (Zi, Z5) — A% Eler ),
(i,4)ely

I 32 2
Un,4(t) = E Z ¢n,t(€i)(n - l)n 3/20’712147217;[531,1]5

Uns(t) = — Z n~%a 72571 iPn, t(Ez) n(Zis Zi)en,is

i=1

Umﬁ(t) = — Z n_3/2¢nt 51 (Zla Z; ) n i
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with . ;
_ AN (t—é&
dnaler) = (=) — [ (=)
2= [ 2(z990) dz,
_ 1 .
Oni = — A (Ziy Zj)en,
" JijFi
Thus we are left to show that
sup |Un.(t)|=0p(1), v=1,...,6. (5.12)
[t|<nl/3

For v = 1,2,3 we verify (5.12) with the aid of Lemma 3.2. In each case, (3.7) is a
consequence of the Lipschitz continuity of £’. Thus we only check (3.9).

Note that Uy, 1 (¢) is a degenerate U-statistic of order 3. By (5.7), its kernel w,, + sat-
e = O(n~"a;2c;*n") and supyep unl3 = O(n=>a;%¢;2).
Since (n~2a;%¢;2)/3 + (n~a e >n2/7)2n=1/4 = o((logn)~1), we have (3.9)
and hence obtaln (5.12) forv = 1.

Note that U, 2(t) is a degenerate U-statistic of order 2. Its kernel u,, ; satisfies
SUPse |[tn.tlloo = O™ 2a;2c;2n?/7 and sup,cp ||untl|3 = O(n=3a;>c,; ). Thus
we have (3.9) and hence (5.12) for v = 2.

Finally, U,, 5(t) is a degenerate U-statistic of order 2. Its kernel w,, ; satisfies

sup [|tn, tllco = O(n_g/Qar_zQC;Q)-
teR
Thus we have (3.9) and hence (5.12) for v = 3.

We apply Lemma 3.1 to obtain (5.12) with v = 4. We have (3.4) since its left-
hand side is of order n='a;,3c;;2 + n=1/2a;%c; . Of course, (3.2) follows since &’ is
Lipschitz. Thus we can apply Lemma 3.1 and conclude (5.12) with v = 4.

We obtain from (5.2) and (5.3) with ¢ = k' that

Since maxi<j<n, |An(Zi, Zi)sn | =0 (c—lnl/V) we obtain from (5.9) that

1111;32( |6n l| = (‘Jn)
Thus we have
sup |Un5(t)| = Oplgnay, ', 'n'/n=12) = 0,(1)
|t|<n1/3
Sup |Un,6(t)| = Op(‘]nagln_wzcr_fnwv) = Op(l)-
|t|<n1/3
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